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Abstract — In this paper, we give a class of minimal inequality
for nonnegative conditional demisubmartingales, and obtain
the conditional moment inequality for nonnegative
conditional demimartingales by using the conditional Fubini
theorem and the conditional Hélder inequality.
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I. INTRODUCTION

The partial sums sequence of a conditional associated
sequence with zero mean is a conditional demimartingales.

For any satisfying E|Z|<oo random variable Z, we

have E ( E(ZIF )) =E(Z) by the property of
conditional expectation. Therefore conditional
demimartingales and conditional demisubmartingales

defined on the probability space (Q, A, P) are
demimartingales and demisubmartingales on the probability
space (Q, A, P), respectively, but the converse is not

true. Christofides and Hadjikyriakou [2] established some
maximal inequalities and related results for conditional
demimartingales. Wang and Wang [3] further improved
these results, and obtained some maximal inequalities for
conditional demi(sub)martingales, minimal inequalities and
moment  inequalities  for  nonnegative  conditional
demimartingales. Xing-Hui Wang [4] established some
probability inequalities for conditional demimartingales,
such as Doob-type inequalities, maximal inequalities based
on concave Young functions and maximal = -

inequalities for nonnegative conditional demimartingales.

Wang and Hu [5] obtained some maximal ¢ — inequalities

and some maximal inequalities based on concave Young
functions for conditional demimartingales. In  [6], the
Y type probability inequalities for  conditional

demimartingales were obtained by using the maximal and
minimal inequalities and a strong law of large numbers.
for conditional demimartingales. Some minimal inequalities
for conditional ~demimartingales and  nonnegative
conditional demimartingales were given in [7]. Wang et al.
[8] established Chow-type maximal inequalities for
conditional demimartingales and used them to obtain
concave Young functions maximal inequalities for
conditional demimartingales. In this paper, we obtain a class
of minimal inequalities for nonnegative conditional
demisubmartingales, and use the conditional Fubini theorem
and the conditional Holder inequality to obtain conditional
moment inequalities for conditional demimartingales. Our
conclusions extend the related results in [3].

Notation and conventions. In this paper, let

{Sn,n 21} be a sequence of random variables defined on
the probability space (€2, A, P).LetE" X =E[X|F ],
Where F is a sub- o algebra of A and I(A) be the

indicator function of the set A.

I1. DEFINITION OF CONDITIONAL
DEMIMARTINGALES

Definition 1 Let{Sn,n Zl} be L'a sequence of random

variables. Assume that for 1<i< j<oo,

E°[(8;-8)f(S,8,,+.8,) |20 as., (L1)
for all coordinatewise nondecreasing functions f such that

the expectation is defined. Then {Sn,n21} is called a

conditional demimartingale.
f is assumed to be

{Sn N2 1} is called a conditional demisubmartingale.

If in addition the function
nonnegative, the sequence

It is easy to check that for alli >1, equation (1.1) is
equivalent to

EF [(S..—S) f(S,,8,.-+-,S) =0 as.
III. MAIN RESULTS

Lemma 1@Let {Sn,nzl} be a conditional

demi(sub)martingale, g () a nondecreasing convex function,

and g(Sn)eLl, n>1, then the sequence of random
{9(s,),n=1} is a

demisubmartingales.
Theorem 1 Let {Sn,nzl} be a nonnegative

variables conditional

conditional demisubmartingale and assume that {Ci N 21}

is a nondecreasing sequence of F - measurable positive
numbers. For any F - measurable random variable & >0

a.s.,then
eP’ (min ¢S < e) >

I<i<n

(1)
¢,ES,—c EF (Snl (minciSi >e)) as..

1<i<n

<i<n

Proof. Let A:{Tin CS; Sg},

where

A ={cS, <&},
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A ={cS, >¢ 1<k<i-1 ¢S <&}, 2<i<n,

and ANA =9, i#]. Note that 1(A)=
|(,gc)_ ( A éj since A, < A°. Thus
ePf

R)=eX P (A)

>CE"S,—,E" (S1(A%))+ 2 EF (cSI(A))
=CE"S,—c,E" (S,1(A7))

=¢EFS, +C,EF ((s2 sl)l(A;))
—GEF (S,1(A°A7))+ ZE (cS1(A
since A ={cS, <¢},A"={cS, >¢},l (Alc) is a

nondecreasing functional of S,. By the definition of
conditional demimartingales, we have

) as.

c,E ((SZ—Sl)I(Af))zo as..
Note that | (A,)=1(A°AS)—T(A°A A’

since A, = A°. Thus,

> CE"S, ~CE (S,1(Af
= GE"S, —GE" (S,1 (A
+C,E (S, (Aa))+_
=¢EFS, +¢,EF ((

S,)1(AAS))

—GE" (S (AATAS))+ ZE (cSi1 (A

Observe that

) as..

A’ ={cS <e}u{c,S, >} and A°A° ={cS, > ¢,C,S, > &} E” (T.Lrn] S

li is easy to verify that | (AICAZC) is a componentwise

nondecreasing function with respect to {Sl,SZ}. By the

definition of conditional demimartingales, we have

GE" ((S:-$,)1(A°A°))20 as.

By iterations, we get

ePF (A)>CE"S, —c EF( (AASL A ))

=cEfS, —c,E" (Snl (mmcS >e)) as

The equation (l) is obtained and the proof is over.
According to Lemma 1, we have the following corollary.

Corollary 1 Let {Sn,n21} be a nonnegative

conditional demimartingale, assume {Ci,i 21} is a
non-decreasing sequence of F - measurable positive
numbers, andg(-) is a non-decreasing convex function.

For any F - measurable random variable ¢ >0 a.s.,
then

eP’ (mlncg( )<e)>cEFg(Sl)—

I<i<n

F -
c,E (g(Sn) I ([Q.ng cig(Si)>e)) as..
TakingC, =1, k >1and g (X) = Xin Corollary 1,

we can get the following corollary.

(2)

Corollary 2 Let {Sn,nzl} be a nonnegative

conditional demimartingale. For any F measurable
random variable £ > 0 a.s., then

ePf (mlnS <e)>E (Snl(mlnS <e)) as..(3)

I<i<n 1<i<n

Corollary 3 Let {Sn,n21} be a

conditional demisubmartingale. For any F - measurable
random variable £ >0 a.s.,then

ePf (mlnS <e)>E (Snl(mlns <e)) as..

nonnegative

1<i<n 1<i<n

Remark 1 Corollary 3 is similar to Theorem 3.3 in [3].
Therefore Theorem 1 in this paper extends Theorem 3.3
in [3].

Theorem 2 Iet{Sn,n 21} be a nonnegative conditional

demimartingales and suppose S, =1.Forany n>1, then
p
EF (gnln S, ) S(Llj E" (S,) as., p>1(4)
<1<n p J—

J<1+E7 (5, log(s,)) as. (5)
0<min§; <SS, =1,

I<i<n

Proof.  Obviously, according to

equation (3) Fubini theorem and Hélder inequality, we
have
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EF (min Si)p = pj':x"’lPF (min S, > x)dx

1<i<n 1<i<n

- pj'olx"’lPF (min S > x)dx

1<i<n

= pj:xpfldx— pj:x"’lPF (min S, < x)dx

1<i<n

<1- pjolx”’zEF (Snl (min S, < x))dx

I<i<n

=1- pEF [Sn_[olxp’zl (min S, < x)dx}

1<i<n
s

I<isn

, x“dx}

—1-—P Ef(s)+ L FF [sn (min S,
p-1 p-1

<2 (s.(mns)” )

1

__P
p_]_ 1<i<n
Thus
1 1
p i
{EF (min Si) }p SL[EF (Sn)p}p as..
1<i<n p_]_
Therefore, equation (4) follows from the above
inequality.
Note that
EF (min Si)z.[w PF (min S, > x)dx
1<i<n 0 I<i<n

= J‘OlPF (min S, > x)dx

1<i<n

=1—j:PF (min S, < x)dx

I<i<n

1<i<n

~1-EF {snf de}
minS; ¥

I<ign

sl—jol%EF (Snl (mins, < x))dx

—1+EF (Sn Iog(min Si))

I<i<n
<1+EF (S,log(S,)) as..

Then equation (5) is obtained and the proof is over.
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