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Hilbert Space
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Abstract—In this paper, we discuss how to construct the
rigged Hilbert space of the time evolution operator of the
position-dependent quantum walks, and obtain the
properties of the time evolution operator on the rigged
Hilbert space.
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l. INTRODUCTION

Recently, position-dependent quantum walks has
attracted extensive attention (see, e.g., [1-3]). In 2015,
Asch et al. [4] proved spectral stability and propagation
properties for general asymptotically uniform models by
means of unitary Mourre theory, and proved the existence
of singular continuous spectrum of the time evolution
operator. In 2016, Suzuki [5] proved that the position-
dependent Heisenberg operator converges to the
asymptotic velocity operator. Richard and Suzuki [6,7]
obtained the weak limit theorem of quantum walks based
on the new exchange method of independent unitary
operators in two-Hilbert spaces setting. Canter et al. [8]
and Segawa-Suzuki [5,9] proved that if the initial state
has an overlap with an eigenspace of the time evolution
operator, then the associated quantum walks has
localization.

In quantum walks model, the eigenvalues of time
evolution operators play an important role in localization.
For the unitary time evolution operator U of one-
dimensional two-state quantum walk, its eigenvalues and
eigenspaces are defined as follows. If equation Uy =
el®y, 6 € [0,2m) has nontrivial solutionys € 12(Z, C?),
thene'®is called the eigenvalue of U. Moreover, the
eigenspace &(0) formed by the eigenvector is a
subspace of s € 12(Z, C?).

In 2019, Segawa and Morioka [13] obtained a
detection method for edge defects by embedded
eigenvalues of its time evolution operator. Using Sobolev
and Besov spaces, Morioka Hden [12] studied the spectral
analysis and scattering theory of the time evolution
operator of position-dependent quantum walks, and
constructed its generalized eigenfunction. Recently,
Maeda M et al. [10] proposed a generalized eigenfunction
problem for a quantum walk depending on position, as

follows
Up = e*p, A€C/2nZ, (1.1)

where ¢ : Z - c. Roughly speaking, the generalized

eigenfunction is not in 12(Z, %), but in 12(Z,€"). This is
a generalization of tunneling solutions of the discrete time
quantum walks given in [11]. Bohm [15] proposed that if
the time evolution operator has continuous spectrum, the
rigged Hilbert space can be used to describe the
generalized eigenfunction space. In 2013, Liu and Huang
[14] et al. studied the generalized eigenvector expansion
of the Liouville operator and constructed the
corresponding rigged Liouville space. Motivated by [14],
we discuss how to construct the suitable rigged Hilbert
space for a given quantum walk and examine properties
of its evolution operator accordingly.
Il. PreLmINARIES
This section briefly recalls some necessary concepts
and facts about position-dependent quantum walks as
well as Gel'fand triples.
A.  Position-Dependent Quantum Walks
Let 12(Z,C?) be the space of square summable
function defined on the integer set Z and valued in C2,
namely
12(Z,C%) = {¢:Z > C*| Lrez [|p(0)||* < 0}. (2.1)
Its inner product (,-)2(zc2y Is given by
(. ¥)izzc2) = Zaerld(X), (X)), b, € 1*(Z,C?).
(2.2)
We use || ||j2zcz)to represent the norm generated by
the inner product [2(Z, C?). Moreover, its orthonormal
basis is {¢,;|x €Z,j =12}, where ¢,;is the
function defined by ¢y;(z) = 8«(z) ¢,z € Z , with
{e;|j = 1,2} being the canonical orthonormal basis of
C%and &, denotes Dirac symbolic functionat x defined
by
Z, Z=2X;
bx(2) = {0, ZF+X, ZEL. (2.3)
For position-dependent quantum walks, let
12(Z,C?) be the space of state, the time evolution
operator U is given by
[UP](x) = Px+ Dd(x+1) + Qx = Dd(x = 1),
X EZ ,
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(2.4)
where ¢ € 12(Z,C?) and

a(x) b(x 0 0

P = [0 ") e =[ey ap)
Here we assume C(x)):= P(x) +Q(x) € U(2) for
every x € Z, where U(2) isthesetofall 2 x 2 unitary
matrices. We denote by C the operator of multiplication
by C(x) foreach x € Z, i.e., (Cod)(x) = CX)P(x) for
¢ €1%(Z,C?). we call C the coin operator. The operator
U iswrittenby U = SC where S:12(Z, C?) - 12(Z, C?)
is the shift operator defined by

59 =[g 1] ®) = 6xF 1.
By definition, S and C preserve the 12 norm, and so
does U. If the initial state is ¢, € #, then the position
related state attime t € Z is ¢(t,) = Utd,.

Dirac creates the Dirac bracket system to make the
laws of quantum mechanics appear in the form of
operators, quantum mechanics [17] can be presented to us
in a more concise and universal form. The following
mathematical principles must be satisfied [18]:

(1) Let A isaself-adjoint operator, then for VA €
o(A), there exists an “eigenvector” F, such that

AF, = AF,. (2.5).

(2) Every wave function ¢ can be expanded with

the “eigenvectors”

Q= fG(A)(A,(p)F;\ dA. (2.6).
(3) “eigenvectors” are orthogonal, i.e.,
AAY =60 =), 2.7).

Remark 2.1 The above description is only a special case.
in general, differing with a weighted function pu(d) is
allowed, i.e.,

(2) Every wave function ¢ can be expanded

with  “eigenvectors”

® = [y % @ du(d). (28).
(3°) “eigenvectors” are orthogonal, i.e.,
(A ANdp) = 8(A — A)dA'. (2.9).

The expanding form of a vector as (2.6) or (2.8) is
called the generalized eigenvector expansions.

B. Gel'fand Triples and The Gel'fand-Maurin
Theorem
Definition 2.1 1] Let #£ be a Hilbert space and ® a
subspace of H, if there exist countably monotone inner
products on @, which are continuous with respect to the
original inner product on H , and @ is complete with
respect to the topology 14 decided by the countable
inner products, then we call & a countable Hilbert
space.

Definition 2.2 [*¢] Suppose @ c H is a countable
Hilbert space, the countably monotone inner products are

18

T SR OO0 SARTOR () s
Let &, be the completion of & respected to the inner
product (-),, if V m, there exists, an n > m such that
the embedded map T;,,: @, = P,,, isnuclear,i.e., T,y
have the form

Tnn® = i1 Ad@ @b, V@ € @y,
where {@,} and {y,} are the orthogonal bases for
@, and ®,, respectively, and the series Y _; Ay is
convergent with Ay > 0, then we call ® a nuclear
space. Furthermore, we call ® ¢ H c ®* a Gel'fand
triple or rigged Hilbert space, where @ is the
conjugate dual space of & with respect to the
topology L.
Lemma 2.1[2Y Let A be an operator in the nuclear
space @, and @Pis invariant under A, then A is
continuous with respect to the topology L4, that is,
V p, 3 m > p, satisfying

[1AQ]p = M||®]|m,

where M = M(p, m).

Let A be a self-adjoint operator on the Hilbert space
. If A has no continuous spectrum, then for VA €
Op(A), “eigenvector” F) is just the corresponding
eigenvector, i.e, F, € #. Obviously, F, satisfies
(2.5) and (2.7), and all the eigenvectors compose an
orthogonal basis for the Hilbert space, i.e., (2.6) holds.
Therefore, if A has only eigenvalues, then the Hilbert
space is enough for studying the operator A.

However, according to document [12], when U
has continuous spectrum, V A € g.(U), we need to
know what kind of space that the corresponding
“eigenvector” locate.

Theorem 2.1 (Gel'fand — Maurin Theorem) 1] Let

® c H c ®*be a rigged Hilbert space and let #—

L2(9), @ —» @(N) be an isometric isomorphism of

withthe L? function space of ameasure space (R,9),

then for VA € R, we can construct a continuous

conjugate linear functional F, on ®*. Then we have
PM=F\(9), ¢ €D

Inrigged Hilbert space ® ¢ H c ®*, & c D(4),
and forVA € g.(A), we can find a corresponding
“eigenvector” F, € @*, which could be a generalized
eigenvector. There is a vector F € ®*, which is called
the generalized eigenvector corresponding to A€
o(A). For V¢ € @, we have

F(A@) = AF(@),
and F is denoted F,.
Theorem 2.2 (A special case of the Gel'fand —
Maurin Theorem) 18] Let & c H < ®* be rigged
Hilbert space, A € & be a self-adjoint operator on
S ® c D(A), and A has a cyclic vector, then VA €
0.(A), there exists a generalized eigenvector F, such

VoEOD, (2.10)
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that
A*F}L = AF;\,
i.e,
(Ap,F) = (9, A'Fp) = M@, F5), Ve,
moreover, there exists a unique positive measure dy
(A) on o.(A) such that

(@ W) = [y @NO ). (211)

If ® cH c @ is a rigged Hilbert space, where

® c D(A) and A has a cyclic vector, then for VA €

g.(A), F, € ®*is not a usual eigenvector, but a

generalized eigenvector. By Theorem 2.2, it is easy to
prove that F, satisfies (2.4), (2.8) and (2.9).

Remark 2.2 If A doesn't have a cyclic vector,

similarly, we can construct the generalized

eigenvector expansions as (2.5), (2.8) and (2.9). But

the technique of continuous direct sum [16] or direct

integrals [19] of Hilbert spaces is needed.
IIl.  Main Resuits
By using a specific orthonormal basis for the spaces
lZ(Z, @2), we construct a sequence of dense subspaces

5,(Z,6%), defined as follows

Sp(2,6%) = {(0: Z > 6| Zyez(1 + XD (|1

< o}, (3.1)

where integer p > 0. In addition, it is easy to prove that

Sy (Z, @2) forms a complex Hilbert space with respect to

the inner product (-),, where the inner product (),

is given by

(@) = Zxez(1 + XD @), W(X))e2, @Y E

S, (Z,C?). (3.2

We use || ||, the corresponding norm, which satisfies
the following relationship

llollF = Zxez(1 + IXD* @)z, @ €

S, (Z,C?).

(3.3

In the following, in order to the convenience of

expression, we simply denote by §, the Hilbert space

5,(Z,6%).

Proposition 3.1 For p >0, one has {¢;|x€Zj=
1,2}c 8, and moreover the system {(1+
[x)7Pdy;l x € Z, j = 1,2} forms an orthonormal basis
for S,

Proof. For x€Z, j=1,2, adirectcalculation gives

lldwjllp = Zyez(L + [YD*Pldby D12
= Yyez(1 + [yD?P116, ()12
=1+ [x[)*P <=,
which means that ¢y ; € S,,. Since {dy;|x € Z,j = 1,2}

is an orthonormal system of IZ(Z,(@Z), then {(1+
[X)"Pdyjlx € Z, j = 1,2} isorthogonal in . we have

19

(L4 XD Py @)p

= Yyez(1 + ly)*P(A + [xD) Py (1), (7))

=1+ [xDPdxj @) @ ES,.
So, if @ €8, satisfies that ((1+ |x])"Pdy;, @), =0,
for all x€Z j=1,2, then it has (dy;®)=0. It
implies that @ = 0 because the system {¢dy;| x € Z,j =
1,2} is an orthonormal basis IZ(Z,©2). Thus {(1+
[Xx)7Pdy;l x € Z, j = 1,2} is an orthonormal basis S,,.

It is easy that (1 + [x|)?P =1 for all x € Z. This
implies that S, < Sy and |||, <||-Ilq whenever
0 < p < q. Thus we actually get a sequence of complex
Hilbert spaces:

€8y ©S, T8 TS, = 12(Z,6%).
We put

S = ﬂ}i:oS ’

and endow § with the topology 15 generated by the
norm sequence {|| - ||p}p=0- Note that, for each p =0,
S, is exactly the complete space of § with respect to
[| - 1lp- Thus S isa countable Hilbert space. In addition,
according to the definition of U, we can get S € D(U)
. Furthermore, the following proposition shows that §
has a better property.

Proposition 3.2 The space § is a nuclear space,
namely, for any p > 0, there exists q > p, such that the
inclusion mapping T,q: Sq — Spdefined by Tpq (@) = @
is a Hilbert-Schmidt operator.

Proof. Let p = 0 then there exists q > p such that
2(q—p) > 1. By Proposition 3.1, {(1+ [x])79¢y;| x €
Z, j = 1,2} is an orthonormal basis for §4. For p > 1,
the positive term series Y, ez(1 + [x])7P converges.
Thus, we have

TaqllEs = D [1Toq(1+ XD 90113

XEZL
= > D A+ YDPUTyg (1 + D 9 )P
X€EZ yEL
= > A+ DPUTyg (1 + D98, ey
X€EZ y€EL
= Syea(l+ 67O <o,
where || - ||ys denotes the Hilbert-Schmidt norm of an

operator. Therefore the inclusion mapping T,q: Sq = §p
is a Hilbert-Schmidt operator.

For p = 0, we denote by S; the dual (conjugate)
space of Sy, and || -||-, the norm of §;. Then §; c
Sy and [|-||l-p<|l-]|l.q whenever 0<p=<gq .
According to the general theory of countable Hilbert
spaces, the following lemma hold.

Lemma 3.1[162% et $* be the dual of S and endow
it with the strong topology, then
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s=\Js
p=0

And, moreover, the inductive limit topology on §* given
by space sequence {S;},-o coincides with the strong
topology.
Theorem 3.1 By identifying 12(Z, @2) with its dual
naturally, then Gel'fand triple

S c?(Z,6*) c s* (3.4)
can be constructed, which is referred to as the rigged
Hilbert space.
Proof. It can be proved by Proposition 3.2 and Lemma
3.1
Proposition 3.3 The system {dy;|x € Z,j=1,2} is
containedin § and, moreover, it forms a basis for § in
the sense that

§ = Xxez, (d)x,j' £) q)x,j,

j=1,2
where (--) is the inner product of 12(Z,G*) and the
series converges in the topology of S.
Proof. It follows from Proposition 3.1 and the
definition of § that the system {¢y;|x € Z,j = 1,2} is
contained in §. Let £ € S, foreach p = 0, we have ¢ €
S, Which together with proposition 3.1 gives

§ = Lxer (1 + [x) Py, O)p (1 + [x) Py,

j=1,2

(3.5

where the series on the right-hand side converges in norm
[ - |lp- In addition, we find

(A4 XD 7Py &p = (1 + [X) 7Py, 8, p2 0.

(3.6)

tes,

Thus,

E = Z_XEIZé<¢X,j:E>p¢x,j7 p=0, (37)
j=

where the series on the right-hand side converges in norm
[| - |lp, namely, in the topology of §.

Next, we naturally extend U to §* space and the
operators ‘U is not unitary on §*. Moreover, for the
above rigged Hilbert space § c lZ(Z,©2) cs*, §Sc
D(U) , for VA € a.(U), it can be obtained that U has
a generalized eigenvector T, € §*, satisfying

UTy, = e*T,, A€C/21Z. (3.8)
According to the Theorem 2.2, we can get T, satisfies
the expansion of the generalized eigenfunction such as
(2.8).
Theorem 3.2 Let the above triplet § c 12(Z, @2) cS*is
the rigged Hilbert space of U, then the following
statements holds
(1) U iscontinuous with respect to nuclear topology I

on §;

(2) The nuclear space § is invariant under the action

of U.

20

Proof. Since §, isdensein § and (2.10) holds, then U
is continuous with respect to the topologyis. Next, we
prove that the nuclear space § is invariant under the
action of U. Forve €S, by the definition of §,
3 {@,} = S, such that
lim|lo, = @ll, =0, p=12,- (3.9)
By (2.10), {Uq,} is a cauchy sequence in §,, p = 0.
Clearly § is complete, then for @ € §, we have
lim||Up, —¢[l, =0, p=12,--
On the other hand, U is closed, namely
Up=YEeS, VPES.
So § isinvariant under U.
Corollary 3.1 Let § c12(Z,0*) c S* be the above
rigged Hilbert space . If § € D(U) and the nuclear
space § is invariant under the action of U, then
S € Np=1 D(UM).

(3.10)

(3.12).
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