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Abstract—The evolution equation of the Space-time inho-

mogeneous quantum random walk in terms of quantum 

Bernoulli noise not only depends on the change of time, but 

also on the spatial position of the walker. The model is de-

fined on the space of square summable functions. The ca-

nonical isomorphism relationship also can deduce the rep-

resentation of the model in the tensor space. Mathematical 

induction gives the probability distribution of the quantum 

random walk in the general initial state and find that it has 

the same limit distribution as the classical random walk. 
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I. INTRODUCTION 

Classical random walks [1] has been widely used in 

the fields of computer science, economics, physics and 

biology. With the upsurge of research on quantum in-

formation theory, people began to extend the classical 

random walks theory to quantum systems, forming a 

new walk model-quantum random walks[2]. As quan-

tum analogs of classical random walks, quantum walks 

have found wide application in quantum information, 

information, quantum computing and many other 

fields[3]-[5]. In recent years, quantum random walks 

have been intensively studied and many deep results 

have been obtained received more and more attention 

and research, and many profound results have been ob-

tained[3]-[8]. 

Quantum Bernoulli noises refer to the family of an-

nihilation and creation operators acting on the space of 

square-integrable Bernoulli functionals, which satisfy a 

canonical anti-commutation relation (CAR) in equal 

time. the concept is proposed in [9], By using quantum 

Bernoulli noise, Wang an Ye introduced a discrete-time 

quantum walk model on the one dimensional integer 

lattice  (W-Y quantum random walk), it has the same 

limit probability distribution as the classical random 

walk [10]. For a general positive integer    , by us-

ing quantum Bernoulli noise, [11] introduces a model of 

discrete time quantum walk on the  -dimensional inte-

ger lattice   , which we call the  -dimensional QBN 

walk, Moreover proved that,the  -dimensional QBN 

walk has a limit probability distribution of  

 -dimensional standard Gauss type. [12] uses quantum 

Bernoulli noise to introduces open quantum random 

walks(OQRW, for short), and studies the related proper-

ties of OQRW from the perspective of random walk. 

W-Y quantum random walk is a quantum random 

walk inhomogeneous in time. The evolution equation 

depends on the change of time, the cion operator are 

   
 

 
(  

      ) and    
 

 
(  

      ). Wada 

considereds a quantum random walk non-homogeneous 

in space[13]   The evolution equation depends on the 

spatial position of the walk, the coin operator are 

 ( )      ( ) [
  
  

]     

和         ( ) [
  
  

]     

where           ( )  and  ( )   ( )  is the 

unitary operator. Inspired by      and     , we intro-

duction a new quantum walk in which both time and 

space are inhomogeneous, its evolution equation is not 

only related to the change of time, but also related to the 

spatial position of the walk. Use the operator   ( )  

    ( )  

 
(  

      )  and   ( )     ( )  

 
(  

     

 ) acts as a coin operator to construct a space-time in-

homogeneous quantum random walk, and study its dy-

namic properties. 

 

II. PRELIMINARIES 

In this section, we briefly recall some necessary 

notions and facts about quantum Bernoulli noises. 

Throughout this paper,   always denotes the set of all 

integers, which   means the set of all nonnegative in-

tegers. We denotes by   the finite power of  , namely 

                ， 

Where    means the cardinality of    Unless other-

wise stated, letters like     and   stand for nonnega-

tive integers, namely elements of  . 

(     ) is a probability measurement space, 

called Bernoulli space, which satisfies:  

(1)           means the set of all mappings 

          .  

(2) (2) (  )    means the sequence of canonical pro-

jections on   given by 

  ( )   ( )     . 

  be the   -field on   generated by the sequence 

(  )     
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(3) (  )    be a given sequence of positive number 

with the property that        for all    . Then 

there exist a unique probability measure   on   such 

that[14] 

  (   
    

     
)
  

 (         ) 

 ∏  

 

   

 
  

 

    

    
   

for                (     )  with       

when     and     with      

Let   (  )    be the sequence of Bernoulli 

functionals generated by sequence (  )   , namely 

   
        

 √    
     , 

where          Clearly   (  )    is an inde-

pendent sequence of random variables on the probability 

measure space (     )  and for each        has a 

distribution 

                                , 

with    √
  

   
 

Let   be the space of square integrable com-

plex-valued Bernoulli functionals, namely 

    (     ). 

We denote by       the usual inner product of the 

space  , and by     the corresponding norm. We fur-

ther assume that   has the chaotic representation prop-

erty     , which means          forms an or-

thonormal basis of  , where     , and 

   ∏  

   

              

Clearly   is infinite-dimensional as a complex Hilbert 

space.  

Recall that   has an orthonormal basis 

        . Thus, for each    , we can naturally 

introduce a subspace of   : 

            m         , 

namely the one spanned by     m           We 

additionally write              , which in actually 

the same as  . It can be easilv checked that the dimen-

sion of    is just     . 

Lemma 2.1.1 [9] For each    , there exists a bound-

ed operator    and its adjoint operator   
  satisfies 

    

   ( )        
         ( )                   

where                    , and   ( )  is 

the indicator of   as a subset of  . 

Definition 2.1.2 [10] The operator   
  and its adjoint 

  
  are usually known as the annihilation and creation 

operators acting on Bernoulli functionals. The family 

      
      of creation and annihilation operators are 

called quantum Bernoulli noises.  

Lemma 2.1.3 [10] Let      . Then, it holds true that 

             
   

    
   

     
        

  (   )  

and 

       
   

         
    

       

where   is the identity operator on  .  

Lemma 2.1.3 shows that quantum Bernoulli noises 

satisfy the canonical anti-commutation relations(CAR) 

in equal time. 

III. MAIN RESULTS 

In this section, we present the definition of our 

walk on the space of square summable functions by 

quantum Bernoulli noises and a real-valued function 

defined on integer lattice  . 

3.1 Definition of the model  

Let   (   ) be the space of square summable 

functions on   and valued in  . namely 

  (   )  {      ∑  

 

    

   ( )     }  

Then   (   ) remains a complex Hilbert space, 

whose inner product        (   ) is given by 

       (   )  ∑  

 

    

  ( )  ( )   

where        (   )            (   )  denotes the 

inner product of  , and denote by      (   ) the cor-

responding norm.  

Definition 3.1.1 For a nonnegative integer     and 

each    , one can introduce two operators   ( ) 

and   ( )  

  ( )      ( )  

 
(  

      )

  ( )     ( )  

 
(  

      )
          (3.1) 

where   is the identity operator on    ( ) denotes a 

real-valued function defined on integer lattice  . 

Remark 1:   ( ) and   ( ) are non-selfadjoint op-

erators on space  .  

Definition 3.1.2 Set         and 

  ( )  ∏  

   

  ( )    ( )  ∏  

   

  ( )   

                .              (3.2) 

Theorem 3.1.3 Set 
)(x

denotes a real-valued function 
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defined on integer lattice   . for each 

0, ( ) ( )n nn R x L x 
 is an unitary operator on    

and moreover 

  
 ( )  ( )    ( )  

 ( )      

                     .           (3.3) 

Proof. For each    , let   ( )    ( )  

  ( ), then have   
 ( )    

 ( )    
 ( ), and moreo-

ver 

   ( )  
 ( )

    ( )    ( )    
 ( )    

 ( ) 

 
 

 
     (  

    )  
 

 
     (  

    ) 

   

 

similarly, we can verify   
 ( )  ( )   . namely 

  ( )    ( ) is a unitary operator. Moreover, for each 

   , we have 

  
 ( )  ( )

 [   ( )
 

 
(  

      )] [    ( )
 

 
(  

      )]

     ( )  
 ( ) 

 

Theorem 3.1.4 Let         (   )  If a function 

     , satisfies condition 

 ( )    (   ) (   )    (   ) (   )    

(3.4) 

 

where    , then     (   )  and      (   )  

    (   ). 

   Proof. It follows from formula   
 ( )  ( )  

  ( )  
 ( )    that 

      
    ( )   

      
    (   )   

 (   )  (   ) (   )  

          
    (   )   

 (   )  (   ) (   )  

          
    (   )   

 (   )  (   ) (   )  

          
    (   )   

 (   )  (   ) (   ) 

      
    ( )   

 ( )  ( ) ( )  

          
    ( )   

 ( )  ( ) ( ) 

      
    ( )  ( ) 

      
    ( )   

 

 

which together with the assumption     (   ) 

means that      (   )      (   ). 

Definition3.1.5 The state space of Spatiotemporal 

non-homogeneous quantum random walk is   (   ), 

the time evolution of the walk is governed by equation 

 (   )( )

   (   )  (   )    (   )  (   ) (   )  

where        , and    means the state of the walk 

at the time      and in particular    is the initial 

state of the walk.  

Theorem 3.1.6 Let    , there exists a unitary opera-

tor     
 (   )    (   ), such that 

     ( )    (   ) (   )   (   ) (   )   

                                       (3.6) 

and 

   
   ( )    

 ( ) (   )    
 ( ) (   )  (3.7) 

where          (   )       
 denotes the adjoint 

  .  

Proof. For each     (   ), we define the func-

tion        as 

  ( )    (   ) (   )     (   ) (   )  

by theorem3.1.4, we know that     (   ), and sat-

isfies 

        (   )
      (   ). 

Thus, we have an isometric operator     
 (   )  

  (   ), such that 

            (   )  

namely    satisfies (3.6).  

Let     (   ), for each        , define a 

function      (   )     such that 

  ( )  {
       
          

 

which gives 

    
   ( )    

     
         (   )

       
    (   )

 ∑  

 

    

   ( )   (   )  (   )    (   )  (   ) 

   (   )   ( )      (   )   ( )   

    
 ( ) (   )    

 ( ) (   )     

 

Thus,we have (3.7)  

Let     (   ) and     
  , then, by using 

(   ) (   ), for each    , we obtain that 
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   ( )

   (   ) (   )    (   ) (   )

    (   )  
  (   )    (   )  

  (   )

     (   )  
 (   )    (   )  

 (   )  ( )

   ( ) 

 

Thus    ( )   , which together with the arbitrari-

ness     (   ), implies that     
   .  

Remark 2:   
    , thus    is not self-adjoint opera-

tor.  

Theorem 3.1.7 The Spatiotemporal 

non-homogeneous quantum random walk has a unitary 

representation, more precisely 

          (∏     
      )          (3.8) 

where     
 (   )    (   ) is the unitary operator 

defined by Theorem 3.1.6.  

Proof. According to (3.6), we have 

  ( )            ( )           

which implies (   ). 

3.2 Characterization in Tensor Space 

As is seen, The Spatiotemporal non homogeneous 

quantum random walk is formulated in the function 

space   (   ). In the present subsection, we reformu-

late it in the sensor space   ( )   , which is isomor-

phism to   (   )in the sensor of unitary isomorphism.  

Definition 3.2.1 Let     ( )    , we define a 

function         , such that 

         ( )   ( )                  (3.9) 

which means that {         ( )    }is a complete 

set in space   (   ). 

Lemma 3.2.2 Let     (   )    ( )   , be the ca-

nonical unitary isomorphism. Then,   satisfies that 

                    ( )           (3.10) 

Lemma 3.2.3 Define a operator     ( )    ( ), satis-

fies that 

  ( )   (   )           ( ).      (3.11) 

namely   is a unitary operator, then we have 

  ∑  

   

|        |   

         |        |           (3.12) 

where          is the canonical OBN of   ( ) and 

|        | the Dirac operator.  

According to the above definition and lemma, we 

can give the representation in tensor space   ( )    

of unitary operators   in space   (   ).  

For each    , we denote by    the counterpart 

of    in the tensor space   ( )   , namely 

                              
                (3.13) 

Then    is a unitary operators on  ( )   . 

Theorem 3.2.4 Let    . Then, the unitary operator 

   has a structure of the following form 

         |        |    (   ) + 

          |        |    (   )       (3.14) 

where the operator series converge in the sense of strong 

topology.  

Proof. For each    , combine (3.9) and (3.11), 

we have 

      ( ) 

=  (   )    (   )    (   )    (    

= (  )( )   (   )   (    )( )   (   )  

=[      (   )          (   ) ]( )  

namely              (   )          (   ) . 

For each       ( )   . by definition 3.2.2 

we have    (   )      , then 

   
  (   )=        

=       (   )           (   )  

= (    (   )        (   ))(   ). 

Namely     
       (   )        (   ). 

Let        
  , by using (3.11), we obtain that 

  

     
  

       |        |    (   )  |        |    (   )  

 

together with        
  , we know   

  (    
  )  

   
    ,  

which implies that 

    
      

     
          

        

where   denotes the identity operator on   (   ) . 

Similarly, we can prove the formulas   
     , namely 

   is unitary operator.  
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Remark 3:      
 , thus    not self-adjoint operator.  

Let      ( )   , and       . Due to    

means the state of the walk in   (   ) at time    , 

thus    be the state of the walk at time    , togeth-

er with        
   we have 

                       (3.15) 

Theorem 3.2.5 Let the walk in tensor space   (   ) 

has unitary representation as following 

   ( ∏     
        [ |        |    (  

 )+|        |    (   )])        (3.16) 

where              (   )is the initial state of the 

walk.  

Proof. By using (3.14),(3.15),we have 

        (∏     
      )  ,       0, 

which implies (3.16). 

4 Limit Probability Distribution 

In this section, we force on exploring limit proba-

bility distribution of Spatiotemporal nonhomogeneous 

quantum random walk. 

we know the evolution of the walk is governed by 

equation 

 (   )( )

   (   )  (   )    (   )  (   )  

Clearly, for each    , the function     ( )    

makes a probability distribution on  . Thus, the proba-

bility that the quantum walker is at position     at 

time     starting from the initial state    is natu-

rally defined to be. 

          ( )   . 

4.1 Probability volatility formula  

Lemma 4.1.1[12] Let     and       . Then, for 

each       , one have 

              
 

 
 

                 (4.1) 

where                     , and for all 

   , have       . 

Theorem 4.1.2 Let (  )    be the state sequence of 

Spatiotemporal non-homogeneous quantum random 

walk,      (   )  with         
   . Then, for all 

   , it holds that 

  ( )     (  ( )  ) (   )  

             
            (       )  

   (  ( )  ) (   )  
             

            (       ) 

 

(4.2) 

where    . 

Proof. We use the method of mathematical induc-

tion. For    , it has 

  ( )

    (   )  (   )     (   )  (   )

    (   )      (   )      (   )      (   )

    (     ) (   ) ∑  
    
    

          (       )  

        (     ) (   ) ∑  
    
    

          (       ) 

 

which shows that formula (   ) holds for    . Now 

assume that formula (   )  holds for      , we 

have 

    ( )

   (   )  (   )     (   )  (   )  

Note that the induction assumption implies 

  (   )  (   )

     (   )  (   )

     (   )      (   )

     (    (   )) (   ) ∑  

      

          (       )  

         (     ) (   ) ∑  

        

          (       )  

 

which shows that formula (4.2) also holds for  

     . 

4.2 Probability Distribution  

Theorem 4.2.1 Let the initial state      (   ) , as 

following 

  ( )  {
       

          
            (4.3) 

for all    , one has 

            ( )  
 

 

                   {

 

  (
 
 )               

              

         (4.4) 
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Proof. By using (   ), one has 

       

     ( )  
 

      (     ) (   )  
 

∑  
      
      

              (    

  )  
 

      (     ) (   )  
 

∑  
      
      

              (     

  )  
 
  

together with (4.1), then has 

       

 ∑  
      
      

 
 

      (       )  
  

     ∑  
      
      

 
 

      (       )  
 

 ∑  

      

 
 

      (       )  
 

 ∑  

 

   

 ∑  

           

 
 

      (      )  
 

 
 

  
∑ 

 

   

 (
 
 
)     (      )  

 

 {

 

  
(
 
 )               

              

 

namely (4.4) holds.  

Lemma 4.2.2[10] Let      (   ) and  

       Then, 

  

√ 
  (   )               （4.5） 

namely the probability distribution of 
  

√ 
 converges 

in law to the standard Gaussian distribution as    .  

Theorem 4.2.3 Let the initial state      (   )  be 

such that 

  ( )  {
            

          
 （4.6） 

where         | |  | |   . Then for all   

 , it holds that 

       

     ( )  
 

 {

 

  
[
(
   

 
) |   |  (

   
   

)|    | 
]                

              

 

              （4.7）                                            

where (
   
  

)  (
   

 
)    and(

 
 
)   . 

Proof. We also use the method of mathematical in-

duction. For    , it has   ( )    (   )  (  

 )     (   )  (   ).  

For all           , one has   ( )    and 

  (  )    ( )  ( )      ( )
 

 
(   )(     )

  ( )    ( )  ( )     ( )
 

 
(   )(     ) 

 

namely for all           , such that           

and 

        

       
 
 
 
    ( )

 

 
(   )(     ) 

 
 
 

       
 

 
|   |   (     )  

 
 

 

 
|   |  

       

       
 
 
 
   ( )

 

 
(   )(     ) 

 
 
 

       
 

 
|   |   (     )  

 
 

 

 
|   |  

 

which shows that formula (4.7) holds for    . Now 

assume that formula (4.7) holds for      . Then, 

for      , by using theorem     and theorem     

in literature     , then has 

      ( )  
 

      (   )    (   )  
 
 

           (   )  (   )  (   )  
 

 
 

 
    (   )  

  
 

 
    (   )  

  

 

namely 

          
 

 
          

 

 
           

When      (   )        , note that the 

induction assumption implies 
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          (   ) 

  
 

 
      (   )     

 

 
          

 

 
 

    
[(

 
   

) |   |  (
 
 
) |   | ]  

 

When      (   )        , we have 

                  

                    

namely 

         

 
 

 
          

 

 
         

    

which shows that formula (4.7) also holds for     

 .  

Corollary 4.2.4 Let the initial state of the walk 

     (   ) as the theorem4.2.3 shows,the random 

variable has probability distribution as following 

  

√ 
  (   ).               (4.8) 

5 Conclusions 

The coin operators of Spatiotemporal nonhomoge-

neous quantum random walk are 

  ( )      ( )  

 
(  

      )  and   ( )  

   ( )  

 
(  

      ), which based on the cion operators 

of W-Y quantum random walk    
 

 
(  

      ) 

and    
 

 
(  

      ), adding a random function 

   ( ), makes the whole model have spatial inhomogene-

ity, which causes a certain random interference to the 

evolution of the model. But by prove the probability 

distribution under a kind of initial state, it is prove that 

the space-time inhomogeneous quantum random walk 

has the same limit as the classical random walk, which 

means although the random environment causes a cer-

tain random interference to the space-time inhomoge-

neous quantum random walk model, it has no effect on 

its spatial probability distribution. 
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