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Abstract —In this paper, based on conditional Fubini

theorem and a maximal inequality for conditional
demimartingales, we obtain a class of maximal inequalities for
conditional demimartingales.
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I. INTRODUCTION

Newman and Wright [1] introduced the concepts of
demimartingale and demi(sub)martingale. Definition
2 is due to Hadjikyriakou [2], since then, many scholars
have studied it. For example, Christofides and Hadjikyriakou
[3] established some maximal inequalities and asymptotic
results for conditional demimartingales. Wang and Wang [4]
some maximal conditional

obtained inequalities  for

demi(sub)martingales and minimal inequalities for
nonnegative conditional demimartingales. Feng and Gao [5]
obtained conditional moment inequalities of conditional
demisubmartingales. Feng, Wen and Yang [6] established
a class of maximum inequalities of conditional
demi(sub)martingales.Wang and Hu [7] established some
maximal conditional

¢-inequalities for nonnegative

demimartingales and some maximal inequalities for
conditional demimartingales based on concave Young
functions.

Inspired by reference [8], this paper first gave the
definition of  demi(sub)martingale and  conditional
demi(sub)martingale. On this basis, we further obtained a
class of maximal inequalities for  conditional
demimartingales .

Notation and conventions. Throughout this paper,
{X,.,n=L or {S,,n>1} denote a sequence of
random variables defined on a fixed probability space
(Q, G, P), EF (X) denote the conditional

expectation of X, thatis, EF (X)=E(X |F ),
where F be asub-S algebraof G. Let
X" =max(0, X), avb=max(a,b), I(A)denote

17

the indicator function of the set
A,S,=0,logx=log, x=Inx,

log” x=In(xv1). Let C denote the class of Orlicz
functions, that is, unbounded, nondecreasing convex
functions f :[O,oo) —>[O,oo) with f (0)=0. Let

C =(f eC :f '(0)=0,]c )((X) is integrable on (0,e)for

some e >0}
Given f €eC and a>0, define

@a(x):faxj.:@drds, x>0.
Set O(X)=D,(x), x>0.

I1. DEFINITION OF CONDITIONAL
DEMIMARTINGALE

Definition 1 Let {S,,n>1} be a sequence of
random variables defined on L'(Q,G,P). Assume
that for j=1,2,...,

E[(S;., —S;) (S, 5))]=0 (1)
for all coordinatewise nondecreasing functions f

such that the expectation is defined, Then {S ,n>1}

is called a demimartingale. If in addition the function
f is assumed to be nonnegative, the sequence

j+l

{S,,n>1} is called a demisubmartingale.

Definition 2 Let {S,,n>1} be a sequence of random
variables defined on L'(Q,G,P) . Assume that for
1<i< j<oo,

EF[(SJ'_Si & .§..2) as. (2)
for all coordinatewise nondecreasing functions f such that
the expectation is defined, Then {S ,n>1} is called a
F —demimartingale. If in addition the function f is
assumed to be nonnegative, the sequence {S,,N>1} is

calleda F —demisubmartingale.
It is easy to check that for all i>1, (2) isequivalent

EF[(S,,,—-S)f(S,,....,5,)]=0 as. (3)
From the property of conditional expectations that
E[E(X |F )]=E(X) for any random variable X with

E|X|<oo, it follows that F — demi(sub)martingales

to

i+1
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defined proability space (Q2,G,P)
demi(sub)martingales on the proability space (Q2,G,P) ,
but the converse is not true.

on a are

II. MAIN RESULTS

Lemma 1[6] Let {S,,n>1} be

F — demimartingale and g be a nonnegative
satisfying  g(0)=0
Suppose

an

and
that

convex function

Eg(S,) <+

{c,,n>1} is a positive nondecreasing sequence of

for every n=>1.

F — measurable random variables then for
any F —measurable random variable € >0 a.s.,

eP’ (r@gckg(sk) 2e)sanF (g(Sn)I(Qgckg(Sk) Ze))a.s.

Theorem 1 Let £+1:1, p>1.
P q

{S,.n>1}isan F —demimartingale and g isa

Assume that

nonnegative  convex  function  satisfying

g(0)=0 and E(9(S,))" <+ for every k=>1.

Suppose that {c,n>1} is a positive

nondecreasing sequence of F — measurable

random variables and define

S,™ =maxc,g(S,). Then for f eC,

1<k<n

1 1

EF f (SnmaX)S(EF [Cng(sn)]p)p (EF [q)'(snmax)]q)qa_s_(‘l)

Proof. Since from lemma 1 ,the conditional Fubini

theorem and the conditional Hdélder inequality, we can get
that

EFf (SnmaX) _ EF (J.Osnmxf '(t)dt)
—E (J71 @1, = 0a)
= I: EF (f tI1(s,m™ Zt))dt
= [JF®PF (5,™ =t)dt
ua 1 F max
<[t ®e,E" (a(s)1(S,"™ =0)at
=J’o”¥EF (Cng(sn)l(snmax Zt))dt
I R N O)
-E UD Tcng(sn)]dt
=E" (Cng(sn)q)'(snmax))

. ., as.
=(E" [cng(Sn)]p)F(EF [(D'(Snw)]q)q
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Corollary 1 Assume that the condition for Theorem 1 is
satisfied and ¢, =1 forevery k>1, then

EFf (max g(Sk))g(EF [g(Sn)]p)i

1<k<n
1 as. (5

(e [ (maxos)) |

Corollary 2 Assume that the condition for Theorem 1
is satisfied. Then for every p >1,

EF (snm”)pg[ilj EF [c,9(S,)]" as.(6)
E* (snma*)si{u E” (6,0(5,)xlog (6,9(,)}

a.s.(?)

Proof. By taking f(X):Xp, p>1 in Theorem 1 ,
P

— %P Hence
1

we get @ (X) =

F max \ p L i F P
E" (5,™) S[p_lj E” [c,9(5,)]

Taking f (X)=(X—1)+ in Theorem 1 , it follows that
f (X)=1-1(x>1). Therefore
EF (s, -1)<E" (s,™ _1)+

<EF [cng(sn)'[osnmax I(rrz D drj

=E" (c,9(8,)log"S,™)
By the inequality
alog'b<alog”a+be*,a>0b>0,
we have

a.s.

E” (S,™ -1)<E" (c,g(S,)log" c,g(S,)+e's,™)

=E" (c,0(S,)log" c,g(S,))+e'E" (5,™)
Hence

EF (S,™) <——{1+E" (c,0(S,)xlog"(c,9(S,)))}-

&
e-1 a.s.
Let ¢, =Lk >1 ininequalities (6) and (7),we have

EF [max g(Sk)T S(ﬁj E” [9(S,)]as. (8)

1<k<n

£ | maxg(5) < = L7 [o(s)xoy (9GS} 2.(9)
Remark 1 Letting g(x):|x| in inequality (7),we

have

EF {maxck |Sk|}sei_l{1+ EF [cn|8n|xlog+(cn |Sn|)}} as.(10)

1<k<n
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Taking g(X):|X| in inequalities (8) and (9) we

can get the following corollary.
Corollary 3 Let {S,,n>1} bean F —demimartingale

and p >1. Suppose that E|Sk|p<oo foreach k>1,
then

p
EF (max|s, |)p<(ppJ EF IS, as  (11)

1<k<n
1+EF (IS
€ {Jr (| |} as. (12)

log*[S,|)
Theorem 2 Let {Sn ,N>1} bean F —demimartingale
and g be an nonnegative function satisfying g(0)=0.

EF (max|S D)<

1<k<n

Assume that {C,,n>1} is a positive nondecreasing

sequence of F —measurable random variable. Then for all
n>1t>0 and O<I <1,

pF (Tﬁ)n(ckg( )2 )S(l—ll)tj P" (c,9(S,)

)>1s)ds

— l EF [Cng(sn) _tj+
(-1 ! as.

Furthermore, for f eC,n>1a>0,b>0 and
o<l <1,
Q{%%aq

1(6,9(5,)21b)
q,a(cng(sn)j_@a(b)

@)ﬁzum+J—EF

(f (maxc,g O

1<k<n

1(c,9(S,)21b)
Proof. Since from lemma 1, we have

F 1 .
P (E&ﬁ%gﬁk)zt)sgc& (g(sn)l(ﬁlk%ckg(sk)zt))

1<k<n

JEF (cng(Sn) (maxc,9(S,) 2 ))

1<k<n

i.[ pF (maxc 9(S )>t,cng(Sn)2s)ds

1j0 pF (maxckg(S) t)ds

t I<k<n
1 o0
+{J’“PF (c,(S,)>s)ds

S (maxckg(S) )

1<ken
+I?J:°PF (c,0(S,)21's)ds

then

(-1)P" (maxc,g(5,)>

1<k<n

a.s.

)s%fPF (c,9(5,)=1s)ds as.
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So we have
F | “DF
P (Tkag(ckg( e )S(l—l)tjt P" (c,9(S,)21's)ds N

It can be checked that

LOO | (%(S")ZS)CIS :(%(S”)—ty >0

Hence
[P (c,0(5,)215)ds=E* (%Sn)_tj -~

Furthermore, the first inequality in theorem 2 is proved.
By the inequality that we got before, so we have

EF (f [rg&)ﬂ(ckg(sk)}): EF ( [y ‘(t)dt)
_EF (jof '(t)l(rggckg(sk)zt)dt)
-[E* [f '(t)l(rggckg(sk)zt)}dt
=['t 0P (maxckg(S )Zt)dt
= [t 0P (maxck (s )>t)dt
1 (maxckg(S )>t)dt
<f (b

0)+ [ F )P (maxckg(S )>t)dt
<f (|o)+jb f (t){()j P" (c,0(S,) 2! s)ds}dt

:f(b)+1|jj T)U PF (c g(S)>Is)ds}dt
~f ()

I ¢, 9(S,)
7f(b)+ﬁijE ( | jdt
I el P (06 )
_f(b)+ﬁE U’ t [ | jdt}
I e (f O] ¢ [ €9(50)
=f(b)+ - E (jb t“ I(Izs]ds}dt]
9(Sy)
=f(b)+1|jEF [L' I&d}dsw(cng(sn)ﬂb)]
:f(b)+1|jEF ((D{c gl(s)}(c g(S)>Ib)j
Since
Cba(Cngl(Sn)) a,(b) cpb[cngl(sn)j: [ o E@dms

9(S0) sf ' r
erds
b a r b b r

Hence, the second inequality in theorem 2 is proved
In conclusion, theorem 2 is proved.
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Remark 2 Taking C, =1foreach kK>1 in Theorem
2, then

F I *BF
P (rgkagn(g(sk)zt)s(l_l)tjl P™ (9(S,)>1s)ds

L Ep(g(sn)_tj*
(-1t ! a.s.

Furthermore, for f eC,n>1,a>0,b>0 and
o<l <1,

£" f (maxa(s,)|=f )+ ° %[Mjug(snm )

I<ksn 1-] |

q)a {@j_q)a(b) a.s.

| e
:f(b)+HE —(Da'(b)[g(s”)—b]

1(9(S,)21b)
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