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Abstract—In this paper, we considered quantum walk
coupled to environment by introducing the concept of diamond
product. We examined its basic properties and its unitary
representation was obtained.
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|I. INTRODUCTION

As quantum analogs of classical random walks, quantum
walks were introduced almost three decade ago, which have
found wide application in quantum information, quantum
computing and many other fields [1]. In 2016, Wang and Ye
introduced a quantum walk model in terms of quantum
Bernoulli noises [2]. They said that at some special initial
states the walk has the same limit probability distribution as
the classical random walk. Lauri Lehman studied the
emergence of the mixing process in quantum walks [5] in 2014
and he pointed that the walker becomes entangled with
environment when the emergence of the mixing process in
quantum walk.

In this paper, we considered quantum walk coupled to
environment by introducing the concept of diamond product.
We examined its basic properties, and its unitary
representation was obtained.

Il. PRELIMINARIES

In this section, we briefly recall some notions and results
for quantum Bernoulli noises. For details, see [2-4] and
references therein.

Throughout this paper, Z always denotes the set of all
integers, while ¥ means the set of all nonnegative integers.

Let W= { 1 1}¥ be the set of all mappings
w:¥a {11} and (x)  the sequences of canonical

projections on given by

X (W): W(n) wi w (1)
Let G the finite power set of ¥ , namely,
G:{s|si¥and#s<¥}, (2)

Where # s denotes the cardinality of s asaset. Let F be
the s -field on W generated by the sequences (x, ) . Let

n* 0
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(p, )nx , be a given sequences of positives numbers with the

property that 0< p < 1 forall n* 0. Then there exists a
unique probability measure P on F such that

4 s
loj 10]

J i s
Po(z,.z, L.z, ) {@.aL.a)}=0p?q?, 3
j=1
fornji¥,c‘>ji{-1,1}(l£j£ k) with n, ! n, when
i' jand kI ¥ with k3 1. Thus one has a probability

measure space (W F, P), which is referred to as the

Bernoulli space and random variables on it are known as
Bernoulli functionals.

Let Z = (Zn) . be the sequences of Bernoulli

n3

functionals defined by

Zn+qn- pﬂ

2fpa,

where g = 1- p . Clearly Z = (Zn)

n3

Z, = n> o (4)

. is an independent

sequence of random variables on the probability measure
space (W F, P).

Let h be the space of square integrable complex-valued
random variables on (W F, P), namely

h=L"(WF,P). (5)
We denote by (= the inner product of h, and by |x 4
the corresponding norm. It is known that z has the

orthonormal basis{zs \s i G} where z =1 and

z,-0z, siGgs' & (6)

il's

which shows that h is an infinite dimensional space.

1. MAIN RESULTS

In this section, we consider quantum walk coupled to
environment and examine its basic properties.

Let h be the space of square integrable Bernoulli functionals

and J:£%Ah® h a unitary isomorphism. Such a unitary
isomorphism J does exist since h is a separable and

infinite-dimensional Hilbert space over the complex number
field £ .

Definition 1. Let A be an operator on £ and B a bounded
operator on h. Then their diamond product Aa B is defined

as AaB = JAAB)J .
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AoB:=](A2B)3 !

C2oh 3 h

Figure 1 Diamond Product
Clearly, for an operator A on £ 2 and a bounded
operator B on h, their diamond product AaB isan
bounded operator on h.
This provides an alternative way to make products
between operators on £ 2 and bounded operators on h.

Proposition 1. The diamond product admits the following
algebraic properties
(1) AaB = 0 whenever A= 0 or B = 0;

@141, =
on £2 and h, respectively;
(3) (AaB) = A"aB";
(4) (A2B,)(AAB,)= (AA)A(BB,);
(5) Aa(B, + B,) = AaB, + AaB,,
(A, +A)aB=AaB+AAB;
(6) (aA)aB = Aa(aB) = a(AaB), where a isany

complex number;
(7) AaB is unitary whenever both A and B are unitary,

I, where | , and I denote identity operators

where A, A , A, are operators on £%and B, B,, B, are

bounded operators on h.

Proof. These are trivial results, so we only verify (2), (3) and
(4) in here, and the rest of the results can be verified in a

similar way. Let A, A , A, are operators on £%and B,
B, B, are bounded operators on h.
(2) Forevery qi h, we have

(1,.a1)(0)= §J(|£ A|h)J'1gq)
g (I£2Ah)‘]-1;&q)
J(INA )g>1(q)g
aJt

h h'
(3) It is noted that J is a unitary isomorphism operator form

namely I£2él =1

£2Ahtoh,sowehave J°J = JJ" =1, namely
J 't = J". By simple calculation, we get

(AaB) = (3(aAB)IY)

= () (pAB) ¥
() (A AB7)o
J(AAB7)3!

= AaB’.
(4) From the feature of the tensor product, we get

AaB,)(Aa8,)
= 9(AAB,)I MI(A, AB,)J ")
J(A AB)I"I(A,AB,)I"
J(A,AB)(A,AB,)I"
IJAA,)A (BB,
(AA,)a (B,B,).
the conclusion is proved.
Definition 2. A pair (P, Q) of operators on £ is called a

coin operator pair if the sum P + Q is unitary and
PQ=PQ =QP=QP" =0.
It is worth to notify that for a coin operator pair (P, Q)
on £2, one always has the following useful relations
PP+QQ=1, PP"+QQ =1.
In fact, for the sum P + Q is unitary, we have
l.=(P+Q) (P+Q)=(P +Q)P +Q)
PPP+PQ+QP+QQ
PP +QTQ,

In a similar way, we get PP" +QQ =1 .

Proposition 2. Let P and Q be operators on £ 2 satisfying
that P + Q is unitary and

PQ=PQ =QP=QP" =0.
Assume further that E_, E, are unitary operators on h.
Then PaE, +QakE,
moreover it holds true that
(PAE,)'QAE,) = (PAE,)QAE,)

= (QaE,) (PaE,) (7)

= (QAE,)(PAaE) =0,
where 0 means the null operator (zero operator) on h.

is a unitary operator on h, and

Proof. Since P + Q s unitary, denoting by | , the identity

operator on £ 7, we have
l.=P+Q(P+Q)
(P +Q)P +Q)
PP+PQ+QP+QT0Q,
which together with P'Q = QP = 0 gives
PP +QWQ =1, . Similarly, we have PP"+QQ =1,.
By straightforward calculation, we get
(PaE, +QaE,)"(PaE, + QaE,)
= (P'aE,; +QaE,)(PaE, + QaE,)
= (P7aE;)(PaE)+ (PaE))QAE,)
+QAE))(PAE,)+ QAE})(QAE,)
= (P'P)a(E;E)) + (P Q)a(EE,)
+ @Q'P)a(E,E,) + QQ)(EE,)
= (PPl +@QQ)al,
=(PP+Q0Q)al,
l.al,
|

he
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Similarly we can get
(PAE, +QaE,)(PAE, +QaE,) =1,
Thus PaE, + QaE,
we show that the four equalities in (7) hold.
In fact, by using Proposition 1. and the property of
P'Q = 0, we can come to
(PAE,)(Q4E,) = (P'AE])Q4E,)
= (P'Q)a(E,E,)= 0a(EE,)= 0.
In a similar way, we can also show that the rest three
equalities hold.

is a unitary operator on h. Now

(8)

Remark 1. The implication of Proposition 2 lies in the
following observations. Let E,, E, be unitary operators on

h. Then, according to Proposition 2, (PaE ,QaE,) is a
coin operator pair on h when (P, Q) is a coin operator pair

on £2.

Theorem 1. Let (P, Q) be a coin operator pair on £2 and
E,., E, beunitary operators on the space of square integrable

Bernoulli functionals h. For all F I I2(¢, h), we define
Y : ¢ ® h asfollows

Y(x)= (PaE,)F (x- 1) o)
+ QaE,)F(x+1), xI
then Y { IZ(Z h) and ||Y ||F

IZZh IZZh

Pz [F P n)’

For F | I2(¢, h), we have

é’i I Y(x)I? = 5 ((PAE)F(x- 1)+ QAE,)F(x + 1)
(XI;éE JF(x- 1)+ (QAE,)F(x + 1)>

- ﬁ #F(x- 1), (PAE,)'(PAE F(x- D

04 || Q0 4 I mokk

+

X

F(x- 1), (PAE,)Q4E,)F(x + i

¥

#F(x+ 1), QAE,) (PAE)F(x- i

¥

F(x+ 1), (QAE,) QAE,)F(x + i

+

X

ta

X=-¥

according to formula (8), we know

ﬁ I Y(x)IP
X=- ¥

¥
= a

-¥

&(x- 1), (PaE) (PaE,)F(x- Di

+ 5 F(x+ 1), Qa Ez)*(Qé E,)F(x + Di

-¥

= 5 &(x), (PaE)) (PAE,)F(x)d
+ ;’; &(x), QaE,)' (QaE,F(x)i
= éi & (x), gPaE )(PaE))+ (QaE,)(QaE )gF(X)n

which together with

ISSN: 2394-3661, Volume-7, Issue-11, November 2020
(PaE,)(PaE,)+ (QaE,)(QAE,)
= (P7aE;)(PaE )+ QAE,)QaE,)
= (P'P)a(E;E)+ QQ)a(E,E,)
= (P'P)a I,+@Q ‘Q)a (N
(PP+Q0Qal,

=1l =1,
we have
¥
a YX)P
Y
= 4 &(x),[(PaE,)(PAE,)
X=-¥
+ (QaE,) (QaE, )]F(X)n
¥
= § &x), Fx)i= ﬁ I FOOIP,
x=- ¥ x=- ¥
namely ||Y Fen) ||F fen) . Together with equation (9) and

Fi I2(¢, h), we can know Y I IZ(Z, h).

Definition 3. The quantum walk on ¢ acting with
environment h has the following features

(1) The walk takes 1 (Z, h) as its state space and its states are

represented by unit vectors in 1° (Z, h);
(2) The walk is of discrete times and its time evolution satisfies
F .,(x)=(PAE)F (x- 1)

+ QaE,)F (x+1), (10)

xI ¢,n3 0
where F ~ denotes the state of the walk at time n * 0,

(P,Q) is a coin operator pair on £ °
random unitary operators on h.

Here a random unitary operator on h means a mapping
form some probability space to the group of unitary operators
on h that satisfies certain measurable conditions.

Let F_ be the state of the walk at time n * 0. Then, the

,and E,, E, are

function x a “Fn (x)“2 makes a probability distribution on

¢ . We call the function the probability distribution of the
walk at time n ® 0.

It can be shown that the quantity “Fn (x)“2 is just the

probability of finding the walker at position x and time n .
The physical meaning of the above walk lies in the

observations below. As the usual models, the walk’s internal
degrees of freedom are described by the coin operator pair

(P,Q) on £?, while its conditioned shifts are represented by
The
operators E, and E, on h just play the role of environment.

the shift operator S and its adjoint S™ on 1°(¢) .

Theorem 2. Let n * 0, then there exists a unitary operator
U :1%(¢,h) ® 1%(¢,h) such that

Www.ijeas.org
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[UF](x) = (PaE,)F(x- 1)

5 (12)
+ (QaE,)F(x + 1),

"F11%(¢,h),x1 ¢,

moreover, its adjoint U" satisfies
[UF1I(x) = QAE,)F(x- 1)
+(PAaE)F(x+1), "FIIP¢h,xTe¢.
Proof. For each F 1 1(¢,h), we define the function
Y. ¢ ® has
Y. (x) = (PAE)F(x- D+ QaE,)F(x+1), xI ¢,

by Theorem 1 we have Y. (x) T I? (Z, h) and

||YF = ||F . Thus we can define an isometric
I12(z, h) 12(z. h)
operator U :1%(¢,h) ® 1°(¢,h) such that
U=1Y,, FII@.h),

Which means the U satisfies (11).

Next, we consider U” the adjoint of U . Let F I 1°(¢,h),
thenforany x I Z, s I G, we define a function

FO 2 (Z, h) such that
iz, y=x;
E®) :} s R
2 10y oxyle
which gives

<U*(x), Z, > = <u*|:, F(S)>|Z<¢,h>

¥
= <F, UF(S)>|2(¢,h) = yi <F(y), U|:<s)(y)>

(F), [PAEFO(y - D+ QaE)F®(y + 1)

a
i (FO). (PAEJF®(y- D)

£ 4 (FO). QUEFVY + 1)

<Fy(x¥+ 1), (Pa El)F(S)(x)>+ <F(x - 1), (Qa EZ)F(S)(X)>
= <F(x +1), (PAaE)Z, >+ <F(x - 1), (Qa EZ)ZS>

<(Pa E)F(x+1),2, >+ <(Qa E,)F(x- 1), zs>
<[(Pé E)F(x+ 1)+ QAE)F(x- ] Z, >

Thus we have
[UF](x) = QaE,)F(x- 1)
+ (Pa El)*F(x + 1).

Finally, we verify U is a unitary operator. Since U isa
isometric operator, we just need to prove that UU”™ = |

Let F I 1°(¢,h), by straightforward calculation, we get

1P(¢.h) "

[UU'F](x)
= U[UF](x)
(PAE)[UF]x- 1)+ QaE)[UF]x+ 1)
= (PAaE,)[QAE,)F(x- 2)+ (PAaE ) F(X)]
+ (QAE,)IQAE,) F(x)+ (PaE,) F(x 3]
= (PAaE,)(QAE,)F(x- 2)+ (PAE)(PAE,)'F(x)
+ (QaE,)QaE,)F(x)+ (QaE,)(PAE)F(x + 2)
= (PAaE)QAE,)F(x- 2)+ (PaE,)(P aE])F(x)
+(QaE,)QAE,)F(x)+ (QAE,) (P AE,)F(x + 2)
= (PQMa(E,E,)F(x - 2)+ (PP a(E,E])F(x)
+(QQMa(E,E,)F(x)+ QP A(EE)F(x + 2),
for PQ" = QP" = 0, thus
[UUF](x)
= (PQMa(E,E,)F(x - 2)+ (PP a(E,E,)F(x)
+ (QQMa(E,E,)F(x)+ QP a(EE,)F(x + 2)
= (PP7)a(E.E;)F(x) + QQ"a(E,E,)F(x)
(PP")a | F )+ QQMa |y F OO
[(PP7)a Lo ™ QQMal, TF(X)
[(PP"+QQMal
[0, ,F&
F(x) = F(x),

12(¢.h)

FX)

12(¢.h)

I|2(¢,h)
where x I Z . Thus UUF = F , which together with the

arbitrariness of F implies that UU”™ = IIZ(¢ . namely U isa

unitary operator.
Corollary 1. Form theorem 2, we can know that, quantum
walk has a unitary representation, more precisely

F =UF ,=UF ,=L=UF, n?1
where U :1%(¢,h) ® I?(¢,h) is the unitary operator defined

by (11).
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