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Existence and Uniqueness of the Solution to the 3D
Navier-Stokes Equations in the Homogeneous
Sobolev-Gevrey Space.
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Abstract—We apply the principle of compression
mapping to show existence and uniqueness of solutions for

the classical Navier-Stokes equations in Sobolev-Gevrey
1

space H?2 .

Index Terms—Navier-Stokes equations;
spaces ;existence and uniqueness.

Sobolev-Gevrey

I. INTRODUCTION

The 3D generalized Navier-Stokes system is give by:
du — vAu = Qu,u), zeR3 te(0,00),
u =0, reR} te(0,00), (1.1)
w(0,7) = u’(x), z € R3,
with Q is the bilinear operator defined as:
QJ(UH ’U) Z Qii;nam(ukvi)a .? = 1: 2: 3?

kJdm
where

R 3 T, P T — n€p A
qil :Zn,pzl afc.l v 1(‘5\5\%{“’(5))

and a,,""" are real numbers.

The particular case of the above system is the Navier-Stokes
system for incompressible fluid:
Ou—vAu+u-Vu=-Vp x€R3 te(0,00),
u=0, rcR3 te(0,0c), (1.2)
u(0,z) = u’(z), z € R3
where v > 0 is the viscosity of the fluid, and ¢ > Q'is real
parameters. U = (t, X) is the velocity field of fluid,

p=p (t, X) €[] denotes the unknow pressure of the fluid
at the point (t,x) e * <[], and(u-Vu):=ugu+u,0,u+udy

 while U° = (U (X),u3 (X), U

U (X)) is a given initial velocity.
If u° is a quite regular, the divergence free condition

determines the pressure P . Here 0, and A = zn:ai_ are
=

the partial derivative with respect to { and the Laplacian with
respect to X = (X1 sy X ) For simplicity, we will take =1.
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We are mainly interested in studying existence and
uniqueness of solutions for the classical Navier-Stokes
equations. Here we extend the results obtained in [1] to the
case of homogeneous Sobolev-Gevrey space. To define the

spaces, for Sell , let us denote by H®(J®) the usual
Sobolev spacs on []° |
<,>

with respective inner product

4o s, and H*(®) denote the usual homogeneous

Sobolev spacs on 1°, with respective inner product

< ,>HS([3) . We denote the Fourier transform, as in [3] by

F (1)@ =] ,exp(-ix-&) F (dx, £=(£,&,&)ell”
and its inverse by

F ’1(f)(x):(27r)’2jZexp(ix-é)f(g)dé, X=(x,X,x)el’.
The convolution product of a suitable pair of function f and
g on [] %is given by

(f*0)0) =], f(x—=y)g(y)dy, xell®
If f=(f,f,, f,), g=(9,,9,,9,)are two vector
fields, we denote f &® g :=(g,f,g9,f,g,f)
and

div(f ®g) :=(div(g, f),div(g, f),div(g,f)).

The fractional Laplace operator (—A)? ,0<S< 2, is
defined by

f((—ﬂl-)%f)(f)) = [§[*F()(&)-
We write | D |= —A?.
Definition1.1
For &,s>0,0 21and |D|= (—A)% , The Sobolev-Gevery
spaces H: _(R*) defined as follows:

HS (R%) = {f € L2AR™); *!P1” f € H°(RY))

which is equipped with the norm
1
”f”Hﬁa = ”8""D| = fHH-”
and the associated inner product

(F/9)ms . = (P17 f1eIPI7 g) e
Analogously, the homogeneous Sobolev-Gevery spaces
H; (R is

H; ,(R?) = {f € L*(R%);eP1” f € H*(R")}
which is equipped with the norm
1 s = €217 Fll e

and the associated inner product
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(F19) g, = (P17 f[eIP17 g) ..
Our main result is the following.
Theorem.1.2

1 -
Let s> 0,0 =1. If u e HZ_suchthat divu’® =0,
then there exists a positive time T such that (1.1) has unique

solutiony e L* ([O,T ], H;.a) which also belongs to

uec(o,T], Hi)ﬂ L*([0, 7], Hi)-

Il. PRELIMINARIES
Lemma.2.15!
Let E be a Banach space, B a continuous bilinear map
from E x E — E, and a positive real number such that
_~ ,with
48|l
1B =

o<

1B(u, v)[[.

sup
flull<1,|lvfl<1
For any a inthe ball B(0,«) in E, then there exists a
unique = inB(0, 2a) such that

x=a+ B(z,x)
Lemma.2.2 ¥
Leta > 0, o > 1and (s1,s2) € R? suchthat s; < 2,
s1 + s2 > 0. Then there exists a constant C = C'(s1, 82),
such that for all u, v € HJ' (R?) N H:2, (R?), we have

vl ensen=3 o) < C(ull 1, ) |1Vl sz, sy +

[l j?g(lmﬁ)” vll F3l, (R3) )
Ifa>0,s <: 5, 59 < ; 2 and s; + s2 > 0, then exists a
constant C' = C'(sy, s2), such that

vl oyvoa-g oo < Cllullge, @ 101 zz, sy

., 2 (R3)
Lemma.2.3
Let « > Dand & > 1. Let ¢ be a bilinear form as defined in
(1.1). Then, there exists a constant €' > 0 such that for all
u,v € H! (R?) we have:

IQCw vl .-y

Proof Thanks to the mequality (2 1), we get:
o 1 < ke 1 "! k
Q) -y < Conp(u*de'l g +['ut], )

< C'(HUHH; Vol g

< 200ull gy Mvllgs -

< C”UHH}W HT’HHtlw-

ucr

Lemma.2.4
Let u be the solution in C'([0, 17, S")of the Cauchy problem

{ du—Au = f
u(0,7) = u°(z)

with andu® ¢ F/2,. Then
L
u e ( p= ELP([U T} Hﬂ a ) N G([OT}H&{U))
Moreover, we have the following estimates:

t
CR f IVl y ds < ), + f IF6) s

22[] e supwgnzdaﬁ |
.3)|ul

0
Ju HHE +Hf||L?(o.t).H;§)
sded, S Iy 191,

a,o

2([0,0),112.2 )

17

ol I Vullge )-

Proof The first estimate is just the energy estimate.
Ou— Au = f.

Let us take the inner product in H(:?a with U, we get

1d .
lull?, + IVl
H

<
2dt ie 3a

|<f,u> |

ncr

I\fH2 )

< Hfg 2

Cllull
Taking the L' norm with respect to time and using Young’s
inequality , we deduce the results.

The proof of the second one is based around writing
Duhamel's formula in Fourier space, namely,

—— t 2 A
.ﬁ(t.g}:eft\ﬁ\guo(‘g)jL/ e 9 f(g €)ds
J0

The Cauchy-Schwartz inequality implies that:
0 <t <T,weget

sup |a(t',€)| < [u®(&)] +
o<t <t

For any

||f( )|IL2([D.1‘))-

\/_|€\

Multiplying the obtained inequality by¢|= e*/$1”, we obtain

|€\' ol
V2l

Taking the L norm with respect to the frequency variable £,
we conclude that:
+I£

1
2alél it €)))2de)z <
([ e sup e < O,y +1S1,,
Since, for almost all fixed¢ € R*, the map ¢~ u(t,f) is
continuous over[0, 77, the Lebesgue dominated convergence

theorem ensures that « € C([0, 1], H,;%‘,_,(W)).Similary, we
have:

. 1 . . t . 5 T
lg2el1” |a] < [g)F el ealel” |?L”H[ |e|Fe=(tm2Ielealel™ | f(s, )| ds
0

Taking the 7.2 norm with respect to time and using Young's
inequality, we obtain:

t 1
[ f €617 [a(g, 5)|*ds]
0

gfFectl” S I?I(f o) <[¢f#e” [ )

a0

¢ 1
< ([ lgpee et b
0

i R t L, .
f eI ds( f le|~te2@ €17 | £(s,€)[2ds)*
0 0

1~ t PP R,
< lelre s [uf) + f e e | (s, )
0

Taking the 7.2 norm with respect to the frequency variable ¢,
we obtain :

2(1’.&‘)%

u°
RV P I Ui pPan) Fi ey
Finally, the last inequality foIIows by mterpolation:
[ul| a3+ < Jluf)* 3 IIuIIZ
A i.  HE,
and
ladl® y o < P77 flull?

1,2
L1423
HZ,? Hf n

Taking the L' norm with respect to time and using the
inequalities (2.2) and (2.4) lead to (2.3).

a a

I1l. PROOFOF THEOREM 1.1

Proof Let B(u,u) be the solution to the heat equations.
O B(u,u) — AB(u,u) = Q(u,u)
B(u,u) =0
B(u,u)(0) =0

with the bilinear operators () defined as in (1.2) and

t
Blu,u) = f/' e~ =B Q(u,u))ds
Jo
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Thanks to Lemma 2.3, we have

T
f | Qe 7))”? ,ds<C
0 H, 23

a,o

ul| LA(HY ) H?FHL;(H;,{,)

Thus, combining Duhamel's formula and the inequality (2.3),

we have
this implies:

HBHL;,(H‘;H) <C<Cy
thanks to Minkowski's inequality, we have

tA 0 ) 0
"2y iy y < Il

F 1
thUS, if HUUHHG%” S icy’ we get
1 1

tA 0
’ N G
el pa gy ) < 4Cy 4| B

According to Lemma 2.1, there exists a unique solution of
(1.2) in the ball with center 0 and radius 57 in the space

L*([0,T]; H} ) such that
u(t,r) = e"u’ + B(u,u).

-1
we now consider the case of a large initial data u” € I3 ,.

Let p,, > 0, such that
1 —
( [IE 2461 |¢ja02dg)t <
. z,ﬂuu

(3.2)

8Cy’
Using the inequality and

vo = F M (X|g|<p, u”), We get

A A ) A
[le! '“U”L;(H,;U) < et F l(x|5|2ﬂ~nHU)”L'HHJ.”)+”61 voll g )

From which we can deduce that

defining

T 1~ .
ety < [ 1) lerena® dRagka
e 0 JIgl<pu,
. T 1« -
< [l bpagia
J0 - ‘§|<pun
5 O /]
< Tpi,llu Hj;fja
which yields
1
||emlf‘u||,r,j‘m;=g) < (Tp,)" H"’L[)HH%
Thus, if

T < ( ! 1

S S
8Copl [u],,4

then we conclude the existence of a unique solution in the ball

with center 0 and radius 5z in the space L*([0,7'); Ht,)
and we observe that if « is a solution of (1.2) in
LA([0,T]; H], ,), then, by Lemma 2.3 Q(w, u) belongs to

L%(H;é). Hence, Lemma 2.4 implies that the solution
. .3
belongs to C'([0, T]; 4! ,) N L*([0,T]: Hi ).
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