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Abstract—In this paper, we examine QBN walk and
one-dimensional two state quantum walk. We construct
coin operators on coin space H by QBN walk and
one-dimensional two state quantum walk. We also obtain
some formulas about those coin operators.
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1. INTRODUCTION

The discrete-time quantum walk(QW) as first
studied by Ambainis et al.[1], which have found wide
application in quantum information, quantum compu-
ting, and many other fields [2],[3]. The QW is consid-
ered as a quantum generalization of the classical ran-
dom walk. The random walker in position
xeZ={0,£1+2,..} at time t(c{0,12,..}) moves to
x-1 at time t+1 with probability p, or x+1 with proba-
bility g(=1-p). In the past two decades,quantum walks
with a finite number of internal degrees of freedom
have been intensively studied and many deep results
have been obtained (see [4-6] and references therein).
For example, Konno [6] found that a one-dimensional
quantum walk with two internal degrees of freedom
usually has a limit probability distribution with scaling

speed N, instead of
Gaussian.

N, which is far from being

Quantum Bernoulli noises(QBN) are the family of
annihilation and creation operators acting on square
integrable Bernoulli functionals, which satisfy a ca-
nonical anti-commutation relation (CAR) in equal time.
In 2016, by using quantum Bernoulli noises, Wang and
Ye [7] introduced a discrete-time quantum walk model
on the one-dimensional integer lattice Z, which we call
the one-dimensional QBN walk below.

In this paper, our work devote to construct coin opera-
tors on H by QBN walk and one-dimensional
two-state quantum walk and obtain some formulas
about those coin operators, which are interesting.
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I1. PRELIMINARIES

In this section, we briefly recall some notions and
results for quantum Bernoulli noises(QBN) walk and
one-dimensional two state quantum walk. For details,
see [3,8-11] and references therein.

We first introduce the related conclusions of QBN
walk.

Let N be the set of all nonnegative integers and
I the finite power set of N, namely,

F={0'|0<: N and #G<oo}
where #o denotes the cardinalityof’a as a set.
Thoughout, we assume that (Q,F,P) is a
probability space and Z =(Z,) is an independent
sequence of random variables on (Q,F,P), which
satisfies that
P{z=6,}=p, P{Z=-16,}=q, n=0
with 6, =4q,/p,, d,=1-p, and 0<p,<1. And,
moreover, F=0(Z,,n>0) ,theo -filed generated by
z2=(z,),,  And Z

noulli noise.
Let L?(Z) be the space of square integrable

is actually a discrete-time Ber-

complex-valued random variables on (Q,F,P).
We denote by (--) the inner product of L*(Z),

and by || the corresponding norm. It is known that

7 has the orthonormal basis

{Z,|oeT} , where
Z,=1 and
ZU=HZi,o-eF,0'¢®

which shows that L*(Z) is an infinite dimensional

space.
Lemma 1.[8] For k >0, there exists a bounded oper-

ator 9, on L?(Z) such that

akzo' =1U(k)za\k, ’ (1)
where o\k=o\{k} and 1, (k) is the indicator of
o asubsetof N.

ocel
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Lemma 2.[8] For k>0, then &, , the adjoint oper-
ator, has following property:
8.2, =(1-1,(k))Z,, oeT, ()

where ouUk =oU{k}.
Lemma 3.[8] Let K,I € N.Then it holds true that
040, =0,0y, 0,0, =0,0;, 0,0, =0,0,(k=l) (3)
and
0,0, =0,0, =0, 0,0,+0,0, =1, 4)
where | isthe identity operatoron H .
For a nonnegative intege N >0 , we can define,

respectively, two self-adjoint operators L, and R,
on H in the following manner
Ln:%(6§+an—l)’ Rn:%(a;wnu) )

where | is the identity operator on H . It then fol-

lows from Lemma 3 that the operators L,,R,, n>0,

form a commutative family, namely
LL =LL, RL=LR, RR=RR kl>0 (6)
Lemma 4 .[8] Forall n>0, R, +L,
operator on H and moreover it holds that
RZ=R, R,\L,=LR,=0, L*=-L, (7

n

is a unitary

Now, we indroduce the quantum walk with two

coin €, and e, state on the line, which is located at
= {O,J_rl,i2,...}. The quantum system is expressed
by a tensor space of two Hilbert space. One is the Hil-
bert space 1°(Z) which describes the position of the
quantum walk and it is spanned by the orthogonal nor-
malized basis {X: Xe Z}, the other is the Hilbert space

C? by the orthogonal normalized basis {ely,ez} and
it is called coin space. We take the tensor space
12(Z)®C? as the state space of the walk, it is well
know that 1?(Z)®C? =1?(Z,C?).

I11. MAIN RESULTS
The QBN walk takes the space H =L2(Z) as its

coin space, hence has infinitely many internal degrees
of freedom since H is infinite dimensional. And we
also know the coin space of one-dimensional two state

quantum walk is C?.

Definition 1. A pair (C,D) if the sum C+D is

unitary and of operators on C? is called a coin op-

erator pair C'D=D"C =0.
Then a simple calculation gives
C'C+D’'D=CC*"+CD" =1 (8)
We assume that J:H ® C* - H is a fixed

unitary isomorphism. Such a unitary isomorphism ex-
ists because H is infinite-dimensional and separable.

For n>0, we let

Q",=J(R,®C)JI™
Q", =3(L,®C)3™*
Q",=J(R,®D)J*
QP =J(L,®D)J™*

(+,+)

(9)

From the above definition we can get the following
theorem.

Theorem 1. For Nn>0, the four operators defined
above is coin operators on H. That is, they admit the
following operation properties:

@® QM™,+Q", +Q", +Q{,,is unitary operator

on H,;

2 [Q(n) )] Q((n)+) =0, [Q((f)_)]*Q((:)_) =0
[, TR, =0, [QY,TQY, =0
[Q((E)Jr) I Q((:)_) =0, [Q(n+ _)]*Q(n+ + 0

Proof. Fist, we prove the Q(™,+Q", +Q{",

(10)

+ Q((f,)ﬂ is unitary operatoron H.
Q, +Q, = (L, ®C)I ™+ (L, ®D)J
=J(L,®(C+D)J*

Since L. and C+D are unitary operator, thus,

n

Q( )

Q(f),) +Q(n)
Next, we verity property(2). We just need to prove

that [Q(™,1"Q(",,) =0. By Lemma 4, we can get

[Q",1'Q", =[I(R, ®C)I T I(L, ®C)I ™
=J(R,®C")JI (L, ®C)I™*
~J(R,L,®C'C)I*

=0

Q(++) is unitary operator. Similary, we have

is unitary operator.

Similary,
[Q",I'QT, =[Q™,1"Q¥,, =[Q((f,)+)]*Q((f,)f) =
[, 1, =[QC,1QY.,) =0 -

Theorem 2. For n>0,let Q™ , Q®,, QY and

Www.ijeas.org



International Journal of Engineering and Applied Sciences (IJEAS)

Q((f?+) be the coin operators on H . Then a simple

calculation gives

o, T o, +le, J o, +l, J o, + I, o, =1
(11)
——) [Q(——)]+Q(n) [Q((n)+) * (T)—) [Q((f,)—)]* +Q( [Q((B)ﬂ *
(12)

Proof. By using (9) and Lemma 4, we have

o, T, + e, o, +loe, T o, + i, T,
PR, ®Cc) IR ®C)I*

+la, @03 i, @c)at

+[IR, ®D) 1] IR, ®D)I

+la, @p) L, @Dyt
“J(RZ®C'C)IT+ (L2 ®C )
+J(RZ®D'D)I ' +J(L2®D'D)J

=J[(2R, -2L,)®(C’'C+D'D+C'C+D D)}

J
J
J
J

which together (8) implies (11). Next, we verity for-
mula(12).

Q((??—)[Q(P)—)]*J’Q(n) [ ((3)+)]*+Q((f,)—)[Q(n) ] +Q{ [Q<++)
=J(R, ®C)I IR, ®C)I 1|
+I(L, ®C)I L, ®c)a ]
+J(R, ®D)I IR, ®D)I ]
(L, ®D)I (L, ®D)a ]
(
(R

[«

RZ®CCHIT+J(LX®CCT)I™
®DD")J " +J(L2®DD*)J ™
[(2R ~2L,)®(CC* + DD’ +CC" + DD

+1J
J
+J
J
which together (8) implies (12).

IV. CONCLUSIONS REMARK
As is well know, the Hadamard walk is
one-dimensional two-state quantum walk, whose coin

space is a two dimensional space CZ, and we also
know the coin space of QBN walk is a infinite dimen-
sional space H =L*(Z). It is interesting that we can

construct new coin operators on H by QBN walk and
one-dimensional two-state quantum walk, which shares
the same coin space with the QBN walk. Then we can
examin some interesting properties. The details are
considered in elsewhere.
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