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The y-Type Probability Inequalities of
Two-Parameter Conditional Demimartingale

Decheng Feng, Yanan Yang, Huimin Wen

Abstract— To study the maximal inequalities for
two-parameter conditional demimartingale, on this basis, futher
get the Yy -type probability inequalities of two-parameter
conditional demimartingale.

Index Terms— Maximal inequality; two-parameter
conditional  demi(sub)martingale; v -type probability
inequalities

I. INTRODUCTION

Since Newman and Wright [1] introduced the concepts
of demimartingale and demi(sub)martingale, many scholars
have extended some results of (single parameter)
demimartingale and demi(sub)martingale to the case of
multi-parameter, and given some probability inequalities and
related application results of multi-parameter
demi(sub)martingale. For example, Christofides and
Hadjikyriakou [2] gave the definitions of multi-parameter
demimartingale and multi-parameter demi(sub)martingale,
and extended the Chow type maximal inequality of (single
parameter) demimartingale to the case of multi-parameter
demimartingale, and obtained a Chow type maximal
inequality of two-parameter demimartingale; Wang [3] gave
the Hajek Renyi type inequality of multi-parameter associated
random variable. In reference [4-8], also gave some
probability inequalities for two-parameter demimartingales
and their related applications.

Inspired by reference [2], this paper first gave the
definition of two-parameter conditional demi(sub)martingale,
and obtained a kind of maximal inequality of two-parameter
conditional demi(sub)martingale. On this basis, we further
obtained the y type probability inequality of two-parameter
conditional demimartingale.

Notation and conventions. Throughout this paper,

Letn,me N®,n=(n,n,),m=(m,m,) If

n <m,i=12 thenn<m.In particular,

ifn, <m,i=12 at least one of them is strictly less
than established, then N<m. |, represents an

indicative function of set A.log” x = In (max (X,l))
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Il. DEFINITION OF TWO-PARAMETER
CONDITIONAL DEMI(SUB)MARTINGALE

Definition 1 A collection of two-parameter random
variables {Sn,ne NZ} is called a two-parameter

conditional demimartingale if
E°{(S;-8) F(S.k<i)}=0 as.

forall i, j € N*with i < j and for any componentwise
nondecreasing functions f ,the above conditional
expectation meaningful. If, in addition f is required to
be nonnegative, then the collection {Sn ,neN 2} is said
to be two-parameter conditional demisubmartingale.
Lemma 1[15] Let X (-,-,-) ‘QxR?> > RbeAxB?

-masurable and either nonnegative or
P xuxu -integrable, where U is Lebesgue measure,
and let F be a sub- o -field of A .Then

ET [ X(-t.t,) didt, = [ [EF X (-t,t,)] dtdt, as.

Lemma?2 Let{Sn ,neN 2} be a two-parameter conditional
demi(sub)martingale, and let ¢ () be a nondecreasing

convex function, g(S,) e L. Then{g(S,),ne N?}is a
two-parameter conditional demisubmartingale.
Proof. Since g (X) is a nondecreasing convex function,let

n(y) = tim 3)=90Y)

x>y~ X—y
then g(x)=g(y)+(x—y)h(x), and h(x) is a
nonnegative nondecreasing function. Let f(x) is a
componentwise nondecreasing functions, then

E" [ (9(s;)-9(s)) f (g(s.k <))
>EF[ (S, -8 )n(S)  (9(S.k<i))]
:EF[(s.—Si) Sk,kg]

)1 (9

Where f*(S,,k <i)= Sk,k< ) and f°
is a componentwise nonnegatlve nondecreasing function.
Because of {Sn,n € N2} is a two-parameter conditional

demi(sub)martingale, then
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EF[ S)-g(S,)) f(g(S, . k<i }zo as.so _ Ok &
(9(s;)-a(s))f(g(S.k=i) ) [S(ZJ)IB&DU%Z”}LZE [(s(lyj)—s(zyj))l%d
{9 (Sn),n eN?} is a two-parameter conditional 1= 1=
N M
demisubmartingale. + Z EF |:S(i,j)|B(- J
j=1 i=3 !
I1. MAIN RESULTS n, : n,
_ F F
2 4 E [S(Z'j) B(le)UB(Zi)J_ E |:(S(2’J')_ (1vj))IB(1,j)j|
Theorem 1 Let {Sn,neN } be a two-parameter = =
... . . N M
conditional demisubmartingale. Then for any F measurable n ZEF |:S(i,j)|Bi» J g
random variables & >0 a.s., -1 i3 )
o ( < - j Since EF (S(Z’j)—S(l‘j))IB(LJZO a.s., so we have
& max LN =2E
i,j)< n (I'J)
(3)s(rum) ) [ max S Zgj
Ny (i, ))=(m.ny) (i.9)
DEF|S, ny ",
: () max S; .\2e ’ < F |: J F |: :|
<min =1 . [(ivj)ﬁ("lv"z)s(”) j: as.. _JZ_;E S(Zvi)IB(m)UB(zn +1.Z_l:E S(3YJ')IB(3,J>
m n, n
SEFIS,,) +> > EF [S(i ils, }
T ) Et= R
Proof. Let L
wa :ZEF |:S(2'J')IB(11)UB(21):|
A=| max S .>¢ j=1 ' ’
(i.0)s(ny) B0 )" )
- + D ET S, ]
B(l,j) = [S(Lj) > 6‘},1S J<n,, — (3.0) " (B j)UB(a. ) UBis.)~(Bw ) “Baj))
B, =[S, <&l<r<i,S, . >¢|, O F
el etsraisy 33 st ]
2<i<n,1<j<n,. =L i-4
Then & F
= E |:S(3lJ)IB(ll)UB(ZxJ)UB(??J):|
ePF| max S. >¢ =
(Li)=(mny) (i-J) n,
Y o +YEF [(s S, I, J
<e3 3P (8,) 2= LCen=Se
j=1 i=1 I
& +ZZEF |:S(IJ)IB }
= z E [gls(u JJ =14 )
=1 -1 n,
n _SEF [s _ }
<22 E" Sl ] o LR
j=1 i=1 N,
v 2 ~YEF [(s ~s. )l }
F F 3 2,i)7 1By UB,,
- 1E [S(lj) B(u)} Z;E [ (Zvj)IB(“J = (B0)  T(20)7 "BuyVBa)
i- E 0
v o +3 3 E" S la, |
+ z F |:S(i,j) B J)j| Jz—llg D"
=1 i
n n Additionally E" [(S(3 =Sl }ZOa.s., 50
A / , )7 BB,
_ F F
_éE [S(l’i)lB(LJ-I-JZ_;E [S(Z’J')(IB(L;)UB(z,n _IB(LJ-))J we have
n gPF( max S . 25)
2D E Syl (e
=1 i3
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F F
S Tt J 5 ] 6001

i=

N N
F
+ZZE [ Bij)} as.. D E 9(S(p, ;)1 ,
1 | LT s
Repeat the above stepts, we get <min - _ | as..
ny
F F
eP ( max S > j D ETa(S,)!
(Li)=(mng) i=1 [( g 9> j
Proof. From lemma 2, we can see that S ),neN Yis
<ZE |: —1J 1J)UB(2])U UB("llj)j| N . {g( n) }
a two-parameter conditional demisubmartingale ,the above
Ny . results can be obtained from theorem 1.
+;E [ (M2 J) " By j J Theorem 2 Let {Sn,n IS NZ} be a nonnegative
n, two-parameter conditional demimartingale.If

_ F _
-YE [SMD Loy o B J Sy =1as.. Then

j=1
ny EF[ max SD
+>'E N y( GRS

1S
(me2J) 7 (B jy By )= (B jy OBy 1 )
S F F
(E (SIS 5 [+INE L.S!?nf(nz)S“”D’

= as..

_ F <min| —

= E E"|S, I 0
= (n“)[ max Sunzfj El F[S InS J+InEF max S
= (i.3)s(nm) o (i.np) (i.n,) (i, ))<(m.ny) (i.1)

_ Where x—1-Inx,x>0.
(S(“mj) S(”i‘l!j))I(B ) By, 1))~ (B jy By ))j| 7/( )

|
™
m
i
|

j=1 Proof. Since from theorem 1, we can get that
R EF EF[ max Si}—l
<)E S(m)'[ o S &S (ietnng) ")
= (ii)s(g) 0= _
Similarly —J‘ P ( m&rlllxn)S(I’J) )dt—l
F >
o ((i,jr)rs]gu)?nz)s("”_gj —I PF( max S(i,i)ztj .
LI J'
E™ | S PF( max S > jdt—l
= ((45‘2&’1‘,@)3(‘-1)25] as.. J<(mon,) ()
Therefore _ J- pF max 5 at
)<(my.np) (I'J)

gPF( max S, . Zgj
(i 3)(man) (04

_ _ o1& F
., <| {_ZE ST L
SE S, | , By S0
T (. 1) max SI >g n
.| (i) ) ) 2
<min - - | as. = EF In( ) as..
™ . j=1
Z E S(i,nz) I[ . Similarly
B ) )
B N E [ max S } -1
Corollary 1 Let {Sn,n eN } be a two-parameter <(mw.n;)
conditional demisubmartingale,and <ZE [ . |n(_ max S(i )ﬂ as..
whenk k, =0, S, =0a.s.,wherek = (k;,k,).Letg () 2) G is(n,) (04
be a nondecreasing convex function, Smce y is non-negative,we have
g(S,)el,ne N2.Then for any F measurable random  gF [( r)n(ax )S( J)} 1
M,n,

variables £ > 0 a.S., we get
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In| max S
(( ECERMU J))
S F
SZE S(WJ) max S(I j)
j=1 +y (i.)s(mny)
F
S(%J')E [(i,j?!?rfnz)s(i,i):l

F
S(m‘jJHnE L r;]&xn)s( )D S..

=JZ_;(EF [S(nl pIn

Then
EF[ max S, J—l—lnEF[ max S )}
(i 3)s(nny) " (i) (mny) (]

< F F
SJZ_;(E |:S(”1vi) InS(nlijHnE [( T&XHZ)S(J)D S

Similarly

EF[ max S J—l—lnEF[
(i.3)=(nny) (] (i
F F
SZ(E [S(i’nz)lns(iynz)}InE [i]_rrlagn S(i'j)Da.s..
i=1 (i,1)<(nunp)
So we have
max S
ECIS) “)D

|:
2 (E S(nl,j)l S(nl,j) +InE (| ]l) (a.f(z)s(l ]) j

Ny
j=1

max S
D<(nny) ”}

<min a.s..

3 EF|S. .InS, +InEF[ max SD
21:( [ (ine) ("”2)] (i3m0
Theorem 3 Let {Sn,neNZ} be a nonnegative
demimartingale, and for

=a>0 as,

two-parameter  conditional
any(n;,n, ) e N, with Sy

MM

> EF |:S(i,j) log* S(i,j):| <o as,

i=1 j=1

L)
F + _
m'r!glw.zl:;E [S109° S, | == as,
lim EF[ et max S :|<oo as.;
(nn)—>0 i=1 j=1 n)

EF{ max S(,J)} e
lim sup—— SUELLY < as..

(g ) >0 L L A + e-1
Z;]leE [Si109" Sy |

We may study the two-parameter conditional

S

(n.ny)

a

Proof.

demimartingale instead of S(nl‘nz) Therefore we

may assume that S, =1 as..

(L)

max S 8(1,1) =1.1t can be checked that for

Since
(i,)<(mn) (]

alog*b<alog"a+be™, a>0,b>0,andby Theorem
1, we get that

EF[ max S, . }—1
(i 3)<(rny) (D)

F
_I P ( max Sij >t

F
i (max <u>2tjdt
>t

max S,
iJ)<(nn,)  000)

_J‘ pF ( ma}llxn2 Si.j) 2 j t
< w}iEF S(in)I dt
14 A

max S, .
1)< ) ("”H

SSE[s oyt | ¢ S
= [(im g (m)}*_z S | B

let| max Si.)+1
(i 3)s(m) ()

max S, .
i.J)<(m.n,) “”}

N
F +
e Z:L: E |:S(iv”2) |Og S(i,nz):|
< | as..
e S S 1
+.Z ( Hikce’ “”) ’
Similarly

EF[

@i,

_I PF max S dt—1
<(ny,ny) (I'J)

_I PF( mz%lxnz S(’J) )dt

+J-1°0 PF (

-1

- wPF( max S, . zt)dt
1 (i.D)<(rny) ~(041)

max S, . |—1
<) ("”}

max S jdt
(iQ)s(nng) () 7
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w1l N
<) 1 2E | S dt
1 t; (M) ((”mani(nz S ])>tj
:2EF8_|0+(maij}
; (n'l'J) g (| J) (nl nz) (I J)
< 2EF |o S 1( max S..j
; L g (n. ) (i,7)=(ny.ny) (i,J)
_ ST .
_JZ_;E 'S, l0g S(n“_)}
+ 2 EF el( max j:|as
JZ; [ (i )<(nmy) (1)
Then
EF[ max S, _)}_elEF[ e
(-lrure) (i i)<(mon,)
2 . .
- j:1E [S(”l‘j) log S(n J)j|

EF| max S, .
[(H)S(Mz) ("”}

2 E"[ S, 0078, |
Si " a.s..
e-1 )
+ZE ‘: 1( r)n(aﬁi(nz)S(”):|+l
Then
F
: [( I;n(arhxnz)s(' J)}
. 2; E” [, l00°S |
<
1 nom )
+Z_1:JZ;EF{ 1( m(a}hxn)S(”)H +1
So
.
i Li,jr)ggfnz)s(i’i)}
Z“Z; EF [s(.,,-) log* s(”_J

a.s..
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I

as..

IV. CONCLUSION

E° [ max S(i,j):| e
lim sup ) o) < as..

(nyng )0 LI N e—1
10g7S; ) |

22E s

i-1 j=1
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