International Journal of Engineering and Applied Sciences (1JEAS)

ISSN: 2394-3661, Volume-6, Issue-11, November 2019

Numerical solution of inverse source problem for
one-dimensional integer/fractional order diffusion
equation by one point observation data

Sen Zhang, Zhousheng Ruan

Abstract—In this paper, we consider reconstructing the
space-dependent source of a one-dimensional fractional
diffusion equation by observing the data from the left endpoint.
First, we analyze the ill-posedness of the problem, and then use
the Laplace transform and analytical continuation techniques
to prove the uniqueness of the inverse source problem. Then,
the inverse source problem is transformed into a variational
optimization problem by Tikhonov regularization method. The
gradient of the functional is derived based on the idea of
variational adjoint method, and then the conjugate gradient
method is used to solve the problem. Finally, we give several
numerical examples to show the effectiveness of the proposed
method.

Index Terms—conjugate gradient algorithm, inverse source
problem, Laplace transform, Tikhonov regularization,
unigueness

I. INTRODUCTION

In recent years, many researchers have conducted a lot of
research on fractional diffusion equations. However, for
some practical problems, the initial conditions of the research
object, partial boundary data or source terms are unknown,
and we hope to reconstruct them by additional observation
data, which leads to the inverse problem of the fractional
diffusion equation [1]-[6].Therefore, the research on the
inverse problem of fractional diffusion equation has very
important practical significance.

There are a lot of valuable research results in the inverse
problem of fractional diffusion equations. In [7], Xiong and
Xue proposed a new fractional Tikhonov method to solve an
inverse source problem for the time-fractional diffusion
equation with variable coefficients in a general bounded
domain. Yan and Wei consider an inverse space-dependent
source problem for a time-fractional diffusion equation by an
adjoint problem approach, in [8]. In [9],Wang, Zhang and Wu
turns the inversion source problem into a regular
optimization problem, and then proposes a non-iterative
algorithm based on a sequence well-posed direct problems
solved by the finite element method is proposed for solving
the optimization problem. Ruan, Yang and Lu reconstructs
the inverse problem of time fractional diffusion equation into
an operator equation by Fourier method, and then proposes a
classical Tikhonov regularization method to solve this
problem in paper [10]. In order to overcome the ill-posedness
of the inverse problem of the diffusion equation, Wang and
Wei proposed a quasi-reversibility method in [11]. There is
too much research on the inverse problem of diffusion
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equations [12]-[19], but the above mentioned interesting
references of inverse problems for diffusion equation
uniformly take the final observation as the additional data. To
our knowledge, there is relatively little research on the
inverse problem for the diffusion equation with the local
observation data. We consider the following diffusion
equation in this paper

‘“{;t(f't)=(Lu)(x,t)+f(x), xe(ONt>00<a<l (1)
with homogeneous Neumann boundary condition

ou ou

—(0,t)=0,—(I,t)=0,t >0,

ax( ) 8x( ) )

and nonhomogeneous initial condition

u(x,0)=p(x), xel0,l], 3)
The following is the definition of the symmetric uniformly
elliptic operator —L

-L(u)= —a(a(x)6u(x,t)j+c(x)u(x,t),

OX OX
a(x) e C'[0,1],c(x) e C[0,1],¢(x) > 0,vx €[0,1], and there
exists a constant v >0, such that a(X)>uv,vxel[0,1] .

Here 8? denotes the Caputo fractional derivative with
respect to t and is defined by

1 t
f'(r)dz, t>0,0 1
6"f(t): ri_a) JO (r)dz, t>0,0<a< @
a ar® t>0,a=1
dt ' ' '

We consider the observation data from the left endpoint to
identify the space-dependent source
g(t)=u[f](0,t),t [0, T]. (5)
In general, measuring error is inevitable, the observation data
g(t) contain measurement errors and satisfies
19°()=9() o(or)S6 ®)
where § is the error level.

As the initial-boundary value problem (1)-(3) is a linear
system, the principle of superposition is valid. Without
prejudice to the generality, for the sake of research
convenience, we assume the initial condition is homogeneous,
i.e., @(X)=0. We organize the rest of the paper as follows,
in section 2, introduce some preliminary knowledge and
analyze the ill-posedness of the inversion source problem.
We prove the uniqueness of the inversion source problem in
section 3. In section 4, we transform the inversion source
problem into a Tikhonov regularization optimization problem,
and the conjugate gradient algorithm is proposed based on the
variational adjoint technique. Finally, we give some
numerical examples in section 5.
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Il. PRELIMINARIES AND ILL-POSEDNESS ANALYSIS

A. Preliminaries

Throughout this article, we use the following definitions
and lemmas given in [20] and [21].
Definition 1. The definition of the two-parameters Mittag -
Leffler functions is as follows
) Zk
E, () =) ————,2
«s(2) gr(akw)
where >0, >0 are arbitrary constants.

Lemma 1. (1) Let O<a <1, S €ll be arbitrary constants.

ell

We suppose that £ is such that %72’</j<{7[,7r0(}. There

has a constant C, >0 such that
C

E < =

| E. ()| Tz
(2) Let 1>0,0<a<1, wehave 05 E,,(-At") =—1E,,(-4t")
d 4
—E_,(-At*)=-At""E
dt (1,1( )

(3) Let 0< e <1, then we have 0<E_ (-t) <1 with any
t>0. Moreover, E,,(-t) is completely monotonic function,

ie.,

1 <larg(z) < «.

(=At"),t >0,

a,a

dn
)N =
D dt"

As the differentiation operator —L is a symmetric
uniformly elliptic operator, the spectrum of —L only
includes the eigenvalues which are counting according to the

multiplicities. Let {44 (X)} k=1---, be the eigensystem of
—L . Here we take ¢ satisfying ¢ (0)=1 and set
i, =Il g (N7, k=1, From [22], we see that fi, =¢,+0(1) .

We know that the sequence {4 (X)}., forms an
orthonormal basis in L*(0,1). We define a fractional power
(-L)” of —L as follow

D(-LY)={w: 34 py kv P<och, @)

k=1 k
where <-,*> s the scalar product in L*(0,1). We know
that D((—L)") is a Hilbert space with the following norm:

© 2y ;
vl =004 pd<w d >FF. ®)
k=1 k

We have D((-L)") < L*(0,1) for y >0.

In order to analyze the ill-posedness of this problem, we
define the weak solution to system (1)-(3) as follows.
Definition 2. Let f(x) € L*(0,1), U is a weak solution to the
initial-boundary value problem (1)-(3) with @=0 if
ueC(0,T;D((-L)7)).

Lemma 2. Assume f(x)eL*(0,1), then the direct problem

(1)-(3) has a unique weak solution expressed by series
expression and has the following estimate
UGl ey H OFUC Ol ) <CEN L ) 0< @ <1 9)

e@ =
Proof . The application variable separation method expresses
the series solution of the direct problem (1)-(3) as follows

S b (1B (A DA (), xe[01]t200<a<1,
u(x,t) = kj

B g
> ple A,

k=1

E,.(-t)=0,Vnell.

L2(0,1)

(10)
t>0,a=1.

where f, =< f(x),d,(X) > k=1---,00, We have

- .
1> £p A-E, (AL, (-)IID((iL)I,), t>0,0<a<l,
k=1
\\

= f N
”;kak A= N Ol yeys t>0,a=1.

TGy =
< f
<1 POl ey 0< @ <1, (11)
k=1
<ctlfll
Similarly, we have

1>t @ E, (AL DA Ol t>0.0<a@ <1,

k=1

LZ(OI),t>0,0<oz§1.

1 aeu( bl

2o

0 f >
Héipk(lfe Oz o t>0,a=1.

<Ct™| fll t>0,0<a<l.

Lo’ (12)

Through the above definitions and proofs, we know that
(2.4) is a weak solution of equations (1)-(3).

B. Ill-posedness Analysis

In order to prove the ill-posedness of the inverse problem,
we define a linear operator K, : L2(0,) > L*(0,T) as follows:

> A-E (ALY, te(OT).0<ax1

K, fo)=1"" (13)
ka(l—e"*‘), te(0,T),a=1
k=1 ﬁk
Theorem 1.
The observation operator K, : f (x) € L*(0,1) = g(t) € L*(0, T)
is compact.

Proof . In order to prove that K, is a compact operator, we
define the finite dimensional operator K, \ as follows:
N
zgpk(l—anl(—/ikt”)), te(0,T),0<a <],
K fx)=1"
a,N ( ) iip (1_eiﬂk[)
Then, from (2.7) and (2.8) and lemma 1, we obtain

2t .
1> Lo A-E, (-4t Mz 0<a<l

k=N+1

o0 f »
13 a0 g,

k=N+1

(14)
te(0,T),a=1.

K, £ ) =Ky F Ol g =

2oT1) —
a=1,

(15)

<y %mﬁ,o@ﬂ.

k=N+1
By A k*, we know Il K,y —K_I[=0 in the sense of operator

norm in L*(Q) as N —oo . Therefore, the observation

operator K, is compact.

We know that use the observation data g(t) in L*(0,t) to
identify space-dependent source f(x) in L*(0,1) is ill-posed,
need to consider some regularization methods. Therefore, we

consider solving the inverse source problem by the Tikhonov
regularization method in section 4.

I1l. UNIQUENESS

In order to explore the unique theorem of the inverse
source problem, first we need to prove the following lemmas.
Lemma 3. Let f(x) eL*(0,L), the direct problem (1)-(3) exist
a unique solution u(x,t). Moreover, we have the following
estimate

TUllz 12y SCl Il g, (16)
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and

I llegorciom < Cl o

Proof . From the weak solution, we obtain
Il ull

17)

L2(0,T;H2(0,1))
o0 f “
> —£p A-E,,(-4t)4, (~)“L2<O‘T;H2<o‘|»’0 <a<l,
a A
o0 f >
D<o M=V Oz o2 o1y & = 1
= A

>4 (%)2 P A—E, (At ) dt)?,0< <1,

k=1 k

IA

(18)

k=1 k

>4 (%)Zpk A-e Y d)?,a=1

v 2
S(Zﬂ. 20T )2<C||fH o 0<a <l

k=l k
By the Sobolev embeddmg theorem, we get

I 4oy <CAS @Hm Vo> 0. (19)

Q%IU(X 9]
xdz‘ﬁlzfpk(l E,.(-At N4 ()] 0<a<l,
XE[%IZ—pk(l e g (0| a=1
cl ZK L= Eavl(*"{kta))/lré,o <a<l,
= 1
<, f L,
Cl-4pA-e*)A" a =1,
A

3. 5.

L& f lio1 - o T3P0
<C> pA |Zk|zk4 <Cll fIILZ(Om/Z/I
k=1 k=1 k

<ClI fll vt >0.

L2(0,1)’
From the above inequality, we have Il Ullgor.cion <CIl fllz ), .
Lemma 4. Assume f(x) e L?(0,1), then the source f(X) can
be identified uniquely by the observation data at left end
point, i.e., g(t) =u(0,t),t [0, T].

Proof . By contradiction, we assume there exist two different
functions, denoting by f;(x),i=12. The solutions relative to
f,(x) and f,(x) are expressed as follows

i—pk(l E, (At DA (x), xe[011,te[0,T],0<a <1,

w17 (20)
;Tpk(l—e’}”')qﬁk(x), xe[0,1],te[0,T], e =1.
Where f;, =< fi(X), 4 (x) >1=1,2,k=1---,0.  For the

sake of convenience, we only consider the case of O0<a <1

- f
in detail. By lemma 3, the two series > —*p, (1-E,,(-4t))
k=1

f,
and D —2p,(1-E,,(-4t)) are uniformly convergent on
k=1

interval [0,T]. By analytic continuation technique, we know

that the above two series are uniform convergence on [0, ) .

By Iemma3 have
le ™" 'k(1 E AL Np e ™ fillz g, t>0i=12.
k=1
As e ® is integral in te(0,00) for fixed Z such that
Rez>0. Taking Laplace transform with respect to the time
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variable t on the both sides of equation u,(0,t) =u,(0,t), by
the Lebesgue dominated convergence theorem, we have

< flk 1 S ka 1
— 7,Rez > 0.
2T h AT @
That is
> fc 3 _Ren > 0. 22)
k=1
|k 1 - - .
We know that Z =P is internally closed uniform
k= n+A
convergence in nelJ\I{-4 }, . So, applying the
Weierstrass theorem, we can analytically continue

Z flk 1

2% e
We take asultable disk which only includes —4, and does not
include others. Integrating (21) in the disk, we get

27p,f, =270, %, , which means f,; =T, , as p #0.

in 7 and (22) holds for ne0\|K-A .}, .

Repeating this procedure, we have f, =f, k=12,
Therefore, we obtain f,(x)= f,(x),x<[0,1]. Analogously,

we can prove the case of a =1. The proof of the theorem is
completed.

IV. VARIATIONAL OPTIMIZATION AND THE CONJUGATE
GRADIENT METHOD

Since the inverse source problem is ill-posed, we consider
using the classical Tikhonov regularization method to deal
with the problem. Define a Tikhonov regularization
functional as follows

1 )
J(f)ZEH K”(f)_ngLz(o,l) +

where B is a regularization parameter. Therefore, we
transform the inverse source problem into the following
variational optimization problem to solve

min (1) (24)

In this paper, we use the conjugate gradient method(CGM)
to search the minimizer of functional (23). Here we draw the
functional gradient with the help of the variational adjoint
method.

In the following, we formally give the procedure of
deriving the functional gradient. Let 6f(x) be a small
perturbation of the space-dependent source f(X), then the
small change @=u[f +5f](x,t)—u[f](x,t) of the
solution to the direct problem (1)-(3) satisfies

(23)

L2(0,1)

b
S £l

%:(L“’)(X )+5f(x), xe(0,1)t>00<ax<1
7(0 t)7@(| =0 >0, (25)
(u(X 0) = x e[0,1].

In order to get the gradient of the optimization functional (23),
we firstly compute the first order variation of functional (23).
From (23), we have

SI(f)=3(f+5f)-J(f)

1 5 B
=3I K. (f+5)- 9°lz 0, + I+l

1 : B (26)
_E” K. (F)= goHLZ(o‘I) _EH fHLZ(o,l)

= (u[f](o,t)—g"‘(t))a)(o,t)dnﬁj; f ()& f (x)dx
Let V(X,t) be a smooth function, multiplying both side of
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equation (25) by V(X,t) and integrating with respect to the
temporal-spatial variables on Q=[0,T]x[0,1], we have

0= [} @ a(x.t) - L(@)(xt) -6 (x)v(x dtdx

LT Pl _q 00(X,7)
=[] v(x,t)jor(l_a)(t—r) derdtdx @7)

_MOT L(w)(x,t)v(x,t)dtdx.

In order to find the gradient of the functional J(f), we
define the adjoint problem as follows
07 V(X,t) = L(v)(x,1), xe(0,1),t>0,0<a <1,

av(0,1) av(lb) _

S =uIO-g" M), = =0, t>0, (28)
v(x,T)=0, x€[0,1].
where o7 y(t) is the Caputo fractional right derivative
defined by
il 2 0<an
a —a -
YO 4o
O Yol
dt
We can obtain
’ _ T 1 l-a
J(f)_j0 F(Z_a)t ov(x,tydt+Bf,0<a<1. (29)

Assume that f (x) is the k —th approximate solution of
f(X). Set

f.=f +4d,k=01--, (30)
where d, is a descent direction and 3 is the step size in the

k —th iteration. The descent direction of the CGM is updated
by using the following iteration formula

d, =-J3'(f )+, (31)
where g, conjugate coefficient computed by

[l ezt

= TO,—z 160 =0 (32)

[ @)t

we have
[} (<. (f)-g")K, (do)dt+ B[ f,d,dx

=== . : (33)

[l (K, ))2dt+/3j'd2dx
o v @k 0 «k
So, we formulate the inversion algorithm based on the
CGM to solve the inverse source problem as follows

Algorithm  The Conjugate gradient inversion algorithm for the inverse
source problem

Step 1 initialize fo =0,andset K =0;

Step 2 Solve the direct problem (1)-(3) with f = fk , and calculate
the residual €, = K_(f,)—g°(t);

Step 3 Solve the adjoint problem (28) to find the gradient ;

Step 4 Compute the conjugate coefficient by (32) and the descent
direction d, by (31);

Step 5 Calculate the sensitivity problem (25) with o f, (X) =d, ;

Step 6 Compute the optimal step size J, by (33);

Step 7 Update the initial value f,__, by (30);

Step 8 Increase K by one and return to Step 2, repeat the above

process until a stopping criterion is satisfied.

V. NUMERICAL EXAMPLES

To verify the validity of the algorithm, several numerical
examples are given in this section. Without loss of generality,
we take | =1 for all the numerical simulations. In order to

obtain (noisy) observation data g°(t), we obtain it in the
form of a true solution plus perturbation. That add pointwise
noise by g°(t) =K, (f")(t)(1+5E), where f™ is the true
source, t; is the discretization time nodal point, § is the

noise level and & is a uniform random variable in [-11]. In
the iteration procedure, we take the well-known Morozovs
discrepancy principle as the stopping condition, i.e., we
choose k satisfying the following inequality:
e <r0<e,

where 7T is a positive constant.

Example 1. Let a=0.7,a(x)=1c(x)=0. We take
f (X) = 7%cos(7x) as the exact source. The exact solution for
the direct problem (1)-(3) is u(x,t) = (1-E,,(-7"t*))coszx

Example 2. Let a=0.8,a(x)=Lc(x)=0. We take
f(x) =3x*—2x’ as the exact source, and have no exact
solution for the direct problem (1)-(3).

-15(] 0.1 D.-2 0.3 D..4 0.5 0:6 0.7 0.8 fbf} _1
Figure 1: inversion solution for example 1
L -
axnact ]
O F=D1%
+ i=0.5%
1.5 ¥ i=1% |

F=2%

05 - s L a L . n L s L 4
] 0.1 0.2 0.3 0.4 05 06 07 0.8 049 1

Figure 2: inversion solution for example 2

Example 3. Let a=lLa(X)=Lc(x)=0 . We take
f (x) =cos(27x) as the exact source. The exact solution for

the direct problem (1)-(3) is u(x,t) = (1—e™")cos(27x) .
Example 4. Let a=Lla(x)=1c(x)=0 . We take

WwWw.ijeas.org
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f(x) =—2x+cos(zx)* as the exact source, and have no
exact solution for the direct problem (1)-(3).

1] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 08 1

Figure 3: inversion solution for example 3

exact
O §=01%
4+ §=0.5%
* =19

0 0.1 0.2 0.3 0.4 0.5 0.6 oy 08 09 1

Figure 4: inversion solution for example 4

The above illustration shows the reconstruction of example

1, 2, 3 and 4. The relative noise levels are also chosen as

o=

0.1%, 0.5%,1%, 2%, we know the reconstructions are

reasonable.
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