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 Abstract— In  this  paper we want computed and study  

subgroup  commutative degree, normality degree and cyclicity 

degree of Dicyclic group 𝑻𝟒𝒏. It  is  clear  that the subgroups 𝑯 

and 𝑲 of a group G we can say that 𝑯 permutes with 𝑲 if 

𝑯𝑲 =  𝑲𝑯 and the number of subgroups of the Dicyclic group 

𝑻𝟒𝒏 be 𝝉(𝟐𝒏) + 𝝈(𝒏). 

Mathematics Subject Classification (2010). 20D30, 20D35, 

20F18, 20D15. 

Index Terms—Subgroup, Dicyclic group, Subgroup 

Commutative Degree, Cyclicity Degree 

I. INTRODUCTION 

Let  𝐺  be  a  finite  group. the subgroups 𝐻 and 𝐾 of 𝐺, 

their product 𝐻𝐾 = {ℎ𝑘 | ℎ ∈  𝐻;  𝑘 ∈  𝐾} is a subgroup in 

𝐺 if and only if 𝐻𝐾 =  𝐾𝐻. The subgroup commutative 

degree is define by 𝑠𝑑(𝐺) =
|{(𝐻;𝐾)∈ 𝑆𝑢𝑏(𝐺)×𝑆𝑢𝑏(𝐺)|𝐻𝐾 = 𝐾𝐻}|

𝑆𝑢𝑏(𝐺)2
 It 

is introduced by M. T�̌�rn�̌�uceanu in [8, Section 2.2.3] and 

[5], the difficult work in field group theory is computing the 

subgroup commutative degree  𝑠𝑑(𝐺), since it must the 

counting of subgroups of G.  Dicyclic group 𝑇4𝑛 defined in 

[1], 𝑇4𝑛 = 〈 𝑎, 𝑏 |   𝑎2𝑛 = 𝑏4 = 𝑒; 𝑏2 = 𝑎𝑛;  𝑏−1𝑎𝑏 =
 𝑎−1 〉 . In [4, Chapter 2], Shelash and Ashrafi could counted 

the number of subgroups of the dicylic group 𝑇4𝑛 and 

studied the structure description of subgroups of group 𝑇4𝑛 

are 〈𝑎𝑖〉 for 𝑖|2𝑛 and 〈𝑎𝑖 , 𝑎𝑗𝑏〉 where 𝑖 | 𝑛 and 1 ≤  𝑗 ≤  𝑖. 
For this we refer [5,6,7]. 

 

In [2], D.E.Otera, F.G.Russo defined the permutability 

degrees of finite groups. In [1, Theorem], Let 𝑛 =  2𝑟𝑚 

where 𝑚 = ∏ 𝑝𝑖
𝛼𝑖𝑠

𝑖=1 , 𝑝𝑖   is a odd prime number for any 𝑖 

and 𝑟 ≥  0. Then the 
number of all subgroups, normal subgroups and 

characteristic subgroups of 𝑇4𝑛 can be computed by the 

following formulas: 

𝑆𝑢𝑏(𝑇4𝑛) =  𝜏 (2𝑛) + 𝜎(𝑛); 

𝑁𝑆𝑢𝑏(𝑇4𝑛) = {
τ(2n) +  3  if 2| n

τ(2n) +  1  if 2 ∤ n
 ; 

𝐶𝑆𝑢𝑏(𝑇4𝑛)  =  𝜏(2𝑛)  +  1. 
M. T�̌�rn�̌�uceanu in [8, Theorem 9] computed the subgroup 

commutativity degree 𝑠𝑑(𝐷2𝑛) and some of finite groups. 

In [3], A. Stefanos computed the 𝑠𝑑(𝐺) where 𝐺 is simple 

Suzuki groups. we known the 𝜏(𝑛) is the number of all  
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divisors of 𝑛 and 𝜎(𝑛) is the number summation of all 

divisors of 𝑛. in this paper the our goal is compute the 

subgroup commutativity degree of dicyclic group 𝑇4𝑛. 

Let 𝐻 is a subgroup of 𝐺, we can say that 𝐻 is a subnormal 

subgroup if there exist series of subgroups such 

that satisfy the following: 

1 ⊴  𝐻 ⊴  𝐻1 ⊴ ⋯ ⊴ 𝐻𝑖  ⊴  𝐺 
we denoted for the subnormal subgroup of group 𝐺 by 

𝑆𝑏𝑛(𝐺). In [6, Chapter six] computed all subnormal 

subgroup of dicyclic group 𝑇4𝑛  it is equal to 

𝑆𝑏𝑛(𝑇4𝑛)  = {
𝜏(2𝑛) +  1        𝑖𝑓  𝑟 = 0

𝜏(2𝑛) + 𝜎(2𝑟)  𝑖𝑓 𝑟 ≥ 1
 

it easy see that the define of subnormality degree of 𝐺 be 

𝑆𝑏𝑛𝑑𝑒𝑔(𝐺) =
𝑆𝑏𝑛(𝐺)

𝑆𝑢𝑏(𝐺)
,  

where 𝑆𝑢𝑏(𝐺), 𝑆𝑏𝑛(𝐺) and 𝑆𝑏𝑛𝑑𝑒𝑔(𝐺) the number of 

subgroups, subnormal subgroup and subnormality degree 

respectively. 

II. MAIN RESULTS 

In the section we will compute the subgroup commutativity 

degree of the Dicyclic group 𝑇4𝑛. 

 

Theorem(2.1).  The subgroup commutativity degree 

𝑠𝑑(𝑇4𝑛) of the dicyclic group 𝑇4𝑛  be equal to : 

𝑠𝑑(𝑇4𝑛) =
𝜏(2𝑛)2 + 2𝜏(2𝑛)𝜎(𝑛) + 𝑔(𝑛)

(𝜏(2𝑛) + 𝜎(𝑛))2
 

where 𝑛 =  2𝑟𝑚, 𝑚 is odd number. 

Proof: 

From [4, Theorem 2.2.11], it is clear that the number of 

normal subgroups of Dicyclic group is given by 𝜏(2𝑛)  +  1 

if 𝑛 is odd number and 𝜏 (2𝑛)  +  4 if 𝑛 is even number. 

Suppose that  Ψ(𝐻) = {𝐾 | 𝐻𝐾 =  𝐾𝐻;𝐾 ∈ 𝑆𝑢𝑏(𝑇4𝑛)}  the 

set of subgroups are permutable with subgroup 𝐻. 

 

∑ |Ψ(𝐻)|

𝐻 ∈𝑆𝑢𝑏(𝑇4𝑛)

=∑|Ψ(𝐻𝑐
𝑖)|

𝑖|2𝑛

+∑ ∑ |Ψ(𝐻𝑗
𝑖)|

1≤𝑗≤𝑖𝑖|𝑛

 

 

Where Ψ(𝐻𝑐
𝑖)  be the number of cyclic and normal 

subgroup. then 

 

 

∑ |Ψ(𝐻)|

𝐻 ∈𝑆𝑢𝑏(𝑇4𝑛)

= 𝜏(2𝑛)(𝜏(2𝑛) + 𝜎(𝑛))

+∑ ∑ |Ψ(𝐻𝑗
𝑖)|

1≤𝑗≤𝑖𝑖|𝑛
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∑ ∑ |Ψ(𝐻𝑗
𝑖)|

1≤𝑗≤𝑖𝑖|𝑛

=∑ ∑ (𝜏(2𝑛) + 𝑥𝑗
𝑖)

1≤𝑗≤𝑖𝑖|𝑛

= 𝜏(2𝑛)𝜎(𝑛) +∑ ∑ 𝑥𝑗
𝑖

1≤𝑗≤𝑖𝑖|𝑛

 

where T�̌�rn�̌�uceanu explain that 

𝑔(𝑛) =∑ ∑ 𝑥𝑗
𝑖 = [(𝑟 − 1)2𝑟+3 + 9]𝑔(𝑚)

1≤𝑗≤𝑖𝑖|𝑛

 

Where 𝑔(𝑚) = ∏
(2𝛼𝑖+1)𝑝

𝛼𝑖+2+(2𝛼𝑖+3)𝑝
𝛼𝑖+1+𝑝𝑖+1

(𝑝𝑖−1)
2

𝑠
𝑖=1  

 

a) The Normality Degree, Cyclicty Degree and 

Subnormality Degree: 

In this section we will counting the normality degree, 

cyclicty degree and subnormality degree.  In [1] Shelash and 

Ashrefi computed the number of subgroups, cyclic 

subgroups and subnormal subgroups of the group 𝑇4𝑛. 

 

Corollary(2.2) . The normality degree of the Dicyclic group 

𝑇4𝑛 is given by : 

𝑛𝑑𝑒𝑔(𝑇4𝑛) =

{
 
 

 
 𝜏(2𝑛) + 1

𝜏(2𝑛) + 𝜎(𝑛)
   𝑖𝑓  2 ∤ 𝑛

𝜏(2𝑛) + 3

𝜏(2𝑛) + 𝜎(𝑛)
   𝑖𝑓 2|𝑛

 

Proof: 

Direct From [4, Theorem 2.2.11]. 

 

Now we want compute the  𝑛𝑑𝑒𝑔(𝑇4𝑛) ≤
1

2
 , it is clear that 

if  𝑛 is odd number. Then  the 𝑛𝑑𝑒𝑔(𝑇4𝑛) be 
𝜏(2𝑛) + 1

𝜏(2𝑛) + 𝜎(𝑛)
≤
1

2
 ; 

2𝜏(2𝑛) + 2 ≤ 𝜏(2𝑛) + 𝜎(𝑛); 
𝜏(2𝑛) + 2 ≤ 𝜎(𝑛) 

for each odd number but 𝑛 ≠  1, 3 and iIf n is even number 

. Then 𝜏 (2𝑛) +  6 ≤ 𝜎(𝑛) but 𝑛 ≠ 2, 4 . 

 

Corollary(2.3). The following holds: 

a) If  𝑛 = 5,6. Then 𝑛𝑑𝑒𝑔(𝑇4𝑛) =
1

2
 ; 

b) If 𝑛 ≥ 7. Then 𝑛𝑑𝑒𝑔(𝑇4𝑛) >
1

2
 . 

 

Proof: 

Suppose n is odd number then 𝜏(2𝑛) + 2 = 𝜎(𝑛) , Let  

𝑛 =  𝑝  is odd prime  number then 𝜏 (2𝑝)  +  2 =  6 and 

𝜎(𝑝)  =  𝑝 +  1, thus 𝑝 =  5. If n is even number. Then 

𝜏 (2𝑛)  +  6 = 𝜎(𝑛), supposethat 𝑛 =  𝑝𝑞, where 𝑝, 𝑞 are 

prime numbers. Let 𝑝 = 2;  𝑞 = 3, then its true. Conversely, 

it is clear. 

Proposition(2.4). The number of cyclic subgroups of the 

Dicyclic group 𝑇4𝑛 is given by: 

 

𝐶𝑦𝑆𝑢𝑏(𝑇4𝑛)  =  𝜏(2𝑛)  +  𝑛 

Proof: 

Clear that,  the first type of the subgroups is isomorphic to 

𝐶2𝑛
𝑑

 where 𝑑|2𝑛, then it has 𝜏(2𝑛) of cyclic subgroups. The 

second type of the subgroups has cyclic subgroups only 

when 𝑖 =  𝑛, since 〈𝑎𝑛, 𝑎𝑗𝑏〉 ~𝐶4, where 1 ≤  𝑗 ≤  𝑛. 

 

Now, we can compute the cyclicty degree of the dicyclic 

group 𝑇4𝑛 by the theorem in the following: 

Corollary(2.5) The cyclicity degree of the 𝑇4𝑛 is given by 

the following : 

𝑐𝑦𝑑𝑒𝑔(𝑇4𝑛)  =
τ(2n) +  n

τ(2n) + σ(n)
 

Proof.  

Direct from [4, Theorem 2.2.11] & Proposition 2.4. 

 

Proposition 2.7. The following holds: 

a) 𝑛 = 𝑝 is an odd prime number if and only if 

𝑐𝑦𝑑𝑒𝑔(𝑇4𝑛) =
𝑆𝑢𝑏(𝑇4𝑛)−1

𝑆𝑢𝑏(𝑇4𝑛)
; 

b) 𝑛 = 2𝑝, 𝑝 is an odd prime number if and only if 

𝑐𝑦𝑑𝑒𝑔(𝑇4𝑛) =
2

3
 . 

Proof: 

For part (a): 

Suppose that 𝑛 =  𝑝 is odd prime number, then 

𝑐𝑦𝑑𝑒𝑔(𝑇4𝑛) =
τ(2p)+p

τ(2p)+σp
=

4+𝑝

5+𝑝
=

𝑆𝑢𝑏(𝑇4𝑝)−1

𝑆𝑢𝑏(𝑇4𝑝)
  

Conversely, let   

𝑐𝑦𝑑𝑒𝑔(𝑇4𝑛) =
𝑆𝑢𝑏(𝑇4𝑛) − 1

𝑆𝑢𝑏(𝑇4𝑛)
=
𝜏(2𝑛) + 𝜎(𝑛) − 1

𝜏(2𝑛) + 𝜎(𝑛)
 

Since 𝜎(𝑝) = 𝑝 + 1, thus 𝑐𝑦𝑑𝑒𝑔(𝑇4𝑛) =
𝑆𝑢𝑏(𝑇4𝑛)−1

𝑆𝑢𝑏(𝑇4𝑛)
 is true. 

 

For part (b): 

Suppose that 𝑛 = 2𝑝, then 𝑐𝑦𝑑𝑒𝑔(𝑇4𝑛) =
𝜏(2𝑝)+2𝑝

𝜏(2𝑝)+𝜎(2𝑝)
=

6+2𝑝

9+3𝑝
=

2(3+𝑝)

3(3+𝑝)
=

2

3
. 

Conversely, let  
𝜏(2𝑛)+𝑛

𝜏(2𝑛)+𝜎(𝑛)
=

2

3
 , we can obtain on the  

3𝜏(2𝑛) + 3𝑛 = 2𝜏(2𝑛) + 2𝜎(𝑛) it is equal to 𝜏(2𝑛) +
3𝑛 = 2𝜎(𝑛), it is true when 𝑛 = 2𝑝 checked this by GAP 

program. 

 

Corollary 2.8. If 𝑛 = 235 or 𝑛 =  6𝑝, where 𝑝 is odd prime 

number. Then 𝑐𝑦𝑑𝑒𝑔(𝑇4𝑛) =
1

2
. 

Proof: 

Suppose that 𝑛 = 6𝑝 and 𝑝 is odd prime number, then 

𝑐𝑦𝑑𝑒𝑔(𝑇4𝑛) =
𝜏(233𝑝) + 6𝑝

𝜏(233𝑝) + 𝜎(23𝑝)
=
12 + 6𝑝

24 + 12𝑝
=
1

2
. 

If  𝑛 = 235, then 𝑐𝑦𝑑𝑒𝑔(𝑇4𝑛) =
1

2
. 

 

The number of subnormal  subgroup of Dicyclic group 𝑇4𝑛 

it  was computed  in [4] by Shelash and Ashrafi.  

In the following proposition we will find the relation 

between the number of subnormal subgroups and the 

number of subgroups. 

 

Proposition (2.9). The following hold: 

a) 𝑆𝑏𝑛𝑑𝑒𝑔(𝑇4𝑛) =
𝜏(2𝑛)+1

𝜏(2𝑛)+𝜎(𝑛)
        if    𝑟 = 0; 

b) 𝑆𝑏𝑛𝑑𝑒𝑔(𝑇4𝑛) =
𝜏(2𝑛)+𝜎(2𝑟)

𝜏(2𝑛)+𝜎(𝑛)
   if   𝑟 ≥ 1; 

c) 𝑆𝑏𝑛𝑑𝑒𝑔(𝑇4𝑛) =
1

2
 if 𝑛 = 5,6. 

Proof: 

Direct from definition. 

III. CONCLUSION 

In this paper we studied the subgroup commutative degree 

of Dicyclic group and extension this work to computing 

normality degree, cyclicty degree and subnormality degree 

subgroup, we test all of the results by GAP program. 
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