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Abstract— The third order PDE which describes the
nonlinear shallow water wave equation has been interested since
Scott Russel (1844) [1].

In this work we study this kind of equation (mKDV),
through our study we find that even if the (MKDV) equation
does not pass Painleve test but by using Schwarzian Derivative
techinque, we were able to find analytic solution. Also we
support this study by some figures that to describe the behavior
of (mKDF) equation.
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I. INTRODUCTION

A nonlinear third order PDE (mKDV) equation can be used
to describe most phenomena in scientific field and other
domain which normally result from spontaneity motion that
appears in the daily life such as the waves water [1].

Some authors considers the (MKDV) in the form:

du | ,du 8%u

If-'t' —Beu” E + F =0

The determination of the Lie symmetry of above equation
provides us with the similarity ansatz,

uilx.t) = L:f[s], g= ad -
(3t)= (3t)=
The quantity a is called similarity variable. Taking the ansatz
u(x t) yields,
d? f . r;'f
—1- 67— (f+_d?]_D
integration Ieads to,
d f '}f — qf —

where c is a constant. [7]

The hyper-surface where the singularities lie is known of the
singular manifold, so it can define a technique of Painleve for
PDE; [3].

Definition: The painleve technique for PDEg, it is on analytic
with definition in mind, it is natural to find the PDE in the
form a Laurint-like expansion [3]

u(z) = 9(2)7 ) @),

j=0
The leading power P appearing in order of above equation,
where power P is positive integer with the expansion
coefficient u; starts analytic function in a neighborhood of the

manifold ¢ = ¢ (t,x) =0, [3].
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Il. PAINLEVE ANALYSIS

In this section we apply Painleve’s test in the (mKdV)
equation;

u +au’u, +u,, =0, aecl \{0}

To verify the (mMKDV) has Painleve property or not, we use a
method for expanding of the non-linear PDE
(presently mKDV) about a movable singularly (presently

p(t,x)=0)

The series of non-linear PDE is in the form [3].

150
u=—bz u ¢ @
o =0

whereU; and ¢ are analytic functions.

Some authors to determine equation (1) by using the
simplified condition

wlx,t)=x+yY(E) =0

where ¥ is an arbitrary function and ¢ is a characteristic of

equation (1). Then we can take the coefficient in the equation
(2) to be function of t only. To find a value of equilibrium p
that by  substituting 2 into 1) where

u (t,x)=au(t,x)/at . u,(t,x)=ou(t,x)/ox

and U, (t,X)zasu(t,X)/(?X3 ,and by comparing the

lowest powers in the eventual series, we observe P=1 in the
neighborhood of the singularity manifold (1). By associating
the summation, we observe the recursion [1],

(i-9) j—@;/ﬁ—a] ol

_uj 3t+a¢x Zu] —i

a5 S,

(J _3)UJ 2%

}ujk (] -k =D,

k=1L
J

_QZ[ZUK —i }JJ -k -1,x _uj—3,xxx
k=1L

_3(J _3)uj—2,x Dyx _(J _3)uj—2¢xxx

=3(j = 2)(j ~3)[u; 1, 0] +U; 10, B |
_3(J - 3)“ j—2,xx Py ®)

By using the technique of Painleve, and let uj=0 for all j>1.
Then the serious solution (2) leads
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u

u=—u,. (4)
@

Now, to find the value of u; where j=0,1,2, ...

To find up then at j = 0 in the equation (3), we obtain:

u0=i\/§(px, i=-1, 5)
(04

To find uy ,then at j = 1 in the equation (3), we obtain:

! :_lﬁ& 6)
! 2\« ’
(129

To find U, ,then at j = 2 in the equation (3), we obtain:

. 2

U =— I P+ Py _§ P

2 - ]

V6ap, o, 2\ o, 7

Now, in equation (3), we have to find all coefticients or u; and
the relation becomes:

We note that the all coefficients of u; in the equation (7) are
(j—3)and

i

then, in the universal of the integer resonance point is j = 3.
The other values of resonance depend on the value of a. For
example, if a = —6, the resonance points will be j = -1, 3, 4.
Now, at j = 3, and by using the equations (3), (5) ,(6) and
(7), we find,

—Uy, —U

+2apiuu, —2apuuu,

0,XXX
2
+augu,, — 2apu Ul

—ally, Ul —2auu U, , =0,
but, u;=0 forall j > 1, we get.

Ug s —Ug o + 2oty , +attly U7 =0, (8)
Inconsistent at the resonance point j = 3, this leaus wad the

(mKDV1) does not satisfy the Painleve’s test.
Now, at j =4 in the equation (8), we get,

_ul,t _ul,xxx G P, _3(/)xu2,xx _3(/)xxu2,x ~PuxUs

3
_6¢)x2u3,x _6¢x ¢XXUS +a¢fzu4—iui

i=L
3 [ k
—aQ, Z{ Ui, }(34( )u4—k
k=t i=0
3 [k
+a2{2uk_iui }us_k . =0, ©)
k=0[_i=0
By realizing the equation (5) into the equation (9), and
u; =0forallj>1,
we get,
2
U, +au U, +u . =0,
Then uy is also a solution of the (mKdV) equation (1).

I1l.  ANALYTIC SOLUTION:
In this section, we follow the project to derive analytic
solution with the transmutation,
ap+b
T:p—> d ,
cp+d
The Schwartzian derivative [2].

ad = bc,

2

Pox 3| P
o= 2]
(2) o 2\ o,
The dimension of velocity [2],

__% 11
C ¢ — T T ( )
(#) 0

The compatibility of C and S depicted by:
S,+C,, +2C,S+CS, =0.

By comparing the equations (10) and (11) with the equation
(6), and, u;=0 for all j>1

we find:

C=S.

By substituting S = C into the equation (12), we get:

S, +3SS,+S,, =0,

. _ _ (13)
This is (mMKdV1) like equation.

IV. SCHWARZIAN DERIVATIVE:
Solution for a constant S.

The functions of a constant S=+ 212 hence A is a
constant, are solutions of the
(mKDV1) like equation (13).

Lemma [1]: Let7;and 7, be two linearly independent
solutions of the equation,
d?’r

—+f(2)=0,

dz

which are defined and holomorphic on some simply
connected domain D in complex

plane, then W(Z) =7 (Z)/z‘2 (Z) satisfies the equation [1]
[2],

{wzj=2f(2), (8)

Conversely, if w(z) isa solt
one can find two

linearly holomorphic independent solutions 7, and 7, of (15)
such that
W(Z) =q (Z)/r2 (Z) in some neighborhood of

z, € D.1].

Lemma [2]: The Schwartzian derivative is invariant under
fractional linear
transformation acting on the first argument, the form:

{aw+b;z}:{w;z}, ad =bc,
cw+d

where a, b, ¢ and d are constants [1] [2].

(14)

(11)

6) at all points of D, then
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Step 1:

ForS=-24%, we get,

S= {(o, X} =-24%. Where f (X) =—A%in (15),
and two linearly independent solutions are:

P, =E@t)e” +Ft)e ™,

¥, =G(t)e” +H e ™,

Therefore by Lemma [1] and Lemma [2], obtain:
Et)e™ +F(t)e ™

t,X)= ,EH #FG
¢( ) G(t)e/lx +H (t)e—ix
By using the equations (10) and (11),
then:
c=s=-%- 222 an

2
Now, to find the differential equation of coefficients E(t),
F(t), G(t) and H(t),

we derive (p(t, X) in the equation (16), to get ¢ (t, X)

and @, (t, X), and substituting them into the equation (17),

we obtain:

_ 2A(H()E()-G@E)F(t))
(GMe” +Hte ™)

and
_GOE'O-E®C'D)) .
(G(t)e” +H (t)e‘“)
(H(t)F '(t)-F )H (t))
(Gt)e” +H e ™)
(G(t)F ©)-FE)G'(t))
(G (t)e™ +H (t)e"x)
+(H(t)E 't)-EW)H (1))
(GMe™ +H e ™)

Then, the equation (17) becomes:

__GOE'O-EOG'W) .x
2A(H(®)E@E)-G()F(t))

(HOF'O-FOH'®)
2AZ(HE®)-G({)F (1))

N (GMHF'M)-F)G'(t))
2A(H(M)E@)-G(t)F(t))

L (HOE®-EOH'®) _,
2A(HM)E@{)-G(t)F(t))

Then,
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(GEH)E'(t)-E )G (t))e*
+(HE)F')-FE)H't))e ™™
+GEF'C)-FR)G'(t)
+(H®)E'M)-Et)H'())
=42 (H()E()-G(t)F()),

This lets us to a system of nonllnear ODE inall

coefficients E(t), F(t),G(t) ar - ( ) “en:

(i) GE'-EG'=0

(iit) HF'—=FH'=0

(iii ) (GF’—FG')+(HE'—EH’)
=4i 2°(HE -GF)

particular solutions of (i) and (ii) are:

E(t) = AG(t) and F(t) = BH(t)
where A and B are real arbitrary constants.

By using (i), (ii) and (iii), we have:
B(G@)H'(t)-Ht)G'(t))
+A(Ht)G't)-G(t)H ()
=42°H ()G (t)(A-B),

then;
HM) GO _ s
Ht) G() ’

By integrating, we get:

H®) _ . ( 40e
m_exp( 7y} t)

Then, equation (16), leads:
AG(t)exp(Ax)+BG(t)exp(—44°% — Ax
@(t, X) — ( ) ( )

G(t) exp(Ax)+G(t)exp(—44°t - Ax)
This leads to

Ae’s +Be ™
(D(t,X ): 0’e ok
_(A+B)cosh A& +(A —B )sinh &
- 2cosh A&,

& =X 4247

i)

Then:
o(t,x)=K,+K,tanh 1&, (18)

Where K; and K, are arbitrary constants, such that
K.,=(A+B)/2 andK; =({A— B)/Z.

For K;=0, and by substituting the equation (18) into the
equation (4), we get:

.\F
U, =—i,[—
o

~K,A%sech? A& tanh A&
K,Asech’1&
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Then:

ulziﬂ,\/gtanh/’tgl, E=x+22%.
o

Where U, (X,t) is the first solution for (MKDV) equation
().

Now, by the equations (4), (5), (6) and (18), we have:

i\/Eszlsechz/lff1
U= (24

= +U,,
K,Atanh A&

Then

u Ziﬂ\/ECOthlfl , & =X +211.
(94

Where u(t, x) is the second solution for (mMKDV) equation (1).

Step 2:

For S=212 we have:

S= {q), X} =24 Where f (X) = A%in (15), and
linearly independent solutions are

Y, =Et)e™ +F(t)e ™",

¥, =G{t)e™ +Hte ™

Therefore, Lemma [1] and Lemma [2] obtain:
E{t)e™ +F () ™

{,X)= . —, 19
)= e ™ @ @
EH = FG,

By using the equations (11) and S=C, then:
C=s=-% -2 (20)

Dy
Now, to find coefficients of the differential equation, E(t),
F(t), G(t) and H(t), we

derive ¢)(t, X) in the equation (19), to get ¢, (t, X)
and @, (t, X) and by substituting
them into the equation(20), then:

_ (GHE'M)-ER)G'(M)) o 2708
2A(H()E()-G t)F (t))
. (HOF'O-FOH'®))
21 A(H()E{)-Gt)F())
(GHF't)-Fr)G'())
2iA(H()E()-Gt)F(t))

L HOEO-EOH'O) _ .,

—2 Aix

2iA(H()E()-Gt)F(t))

This takes us to a system of nonlinear ODE; in all coefficients
E(t), F(t),G(t) and H(t), then:

(i) GE'-EG'=0

(i) HF'—FH'=0
(iii) (GF'—FG')+(HE'-EH")
— —4i 2°(HE -GF)

particular solutions of (i) and (ii) are:

E(t) = MG(t) and F(t) = NH(t)

where M and N are real arbitrary constants.
By substituting these into (iii), we get:

H (t .
?(t))zexp(m/lgt),

Then the equation (19), leads:
MG(t) exp(Aix)+ NG(t) exp(4/13it —lix)
p(t,x)= G(t)exp(/iix)+G(t)exp(4/13it—/1ix)
which leads to:
ot x) = Mej:z + N_eﬂ;z:’gz
e %% te

& =x —244,

(M +N)cos &, +(M =N )sin A&,
2005252 '

Then:

o(t,x)=K,+K, tan &, (1)

where K3 and K, are arbitrary constants, such that
K.=(M+N)y2and K, = (M — N)/2

For K3=0,by substituting the equation (21) into the equation
(4), we get:

O \E K, A2sec? A&, tan AS,
' a K, Asec’ 1,

Then:

U, =i ;t\/Etan A, & =x — 244,
o

Where U, (X,t) is the third solution for (nKDV) equation

1).
Now, by the equations (4), (5), (6) and (21), we get:

. i\/EK JAsec’ A&,
U= a

= +U,,
K, Asec? A&, '

Then:

Ao |6

u=ia f—comg‘z &, =X —224.
(24

Where U(X,t) is the fourth solution for (MKDV) equation
.
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Fig. Shows the behavior of the solutions for
mKdV equation at different times.
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