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Abstract— In this article, the global asymptotic stability of
the fourth order differential equation
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I. INTRODUCTION

The disciplines that examine subjects such as population,
finance, probability, genetics need difference equations in
mathematical models that have been created to explain
real-life situations. Therefore, the necessity of some
techniques that can be used in the investigation of the
resulting equations reveals the importance of difference
equations. Therefore, interest towards difference equations
has increased.

Even if difference equations appear in a simple form, it is
actually quite difficult to fully understand the behavior of
their solutions, see [1-10] and the references cited therein.
Until now, many studies have been done on the stability of
nonlinear difference equations. For example:

Yang et al. [1] investigated the global asymptotic stability
of the difference equation
XX, tX g ta

Xn—l + Xn—2 Xn—3 +a .

Kulenovic, Ladas and Sizer et al. [2] studied the behavior
of rational recursive sequence
_aX, + X

X O,

Elabbasy and colleagues et al. [3] investigated and study
some special cases of the difference equation

Xn+j|_ — axn—l Xn—k
bX, , —CX,_,

Abdul Khaliq and Elsayed et al. [4] studied behavior and

obtained some special cases of the difference equation
ax. X

_ M
ﬂXn—m + 7Xn—l

See also [5 — 14]. Our aim is examine the global behavior of
the following fourth-order rational difference equation

n+1
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where «, f and y are positive constants and non-negative

initial conditions that will serve as the basis for such
modeling.

Definition 1.1. [15] Let | be some interval of real numbers
and let

folt >l
be a continuously differentiable function.
Then for every set of initial conditions x,,x_;,X,, X, €1,
the difference equation
Xoo = (X, X1, X, 5, %X, 3), N=0,12,--- (1.2)
has a unique solution {x }. .
Apoint X €1 is called an equilibrium point of Eq.(1.2) if
X = f(X,X,X,X);
that is,
X, =X forn>0
is a solution of Eq.(1.2), or equivalently, X is fixed point of
f.

Definition 1.2. [15] Let X be an equilibrium point of
Eq.(1.2)

(i) Theequilibrium X of Eqg.(1.2) is called locally stable
if forevery 6> 0, there exists ¢ >0 such that for all
Xor X1 X5 X5 €1 with

|Xo —X|+[x_, = X|+|x, = X|+|x s —X| < &, we have

|x, —X| <o foralln>-3.

(if) The equilibrium X of Eq.(1.2) is called locally
asymptotically stable if it is locally stable, and if
there exists y>0 such that for all
Xo, X 4, X 5, X5 €1 with
|Xo = X|+[ %, = X|+]x, = X|+|x s —X| < 7,
we have

limx, =X.

nN—0

(iii) The equilibrium X of Eq.(1.2) is called global
attractor if for every X;,X;,X,,X; €l
we have
limx, =X.

n—awo
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(iv) The equilibrium X of Eq.(1.2) is called global
asymptotically stable if it is locally stable and a
global attractor.

(v) The equilibrium X of Eq.(1.2) is called unstable if it
is not stable.

(vi) The equilibrium X of Eq.(1.2) is called source or a
repeller, if there exists r>0 such that for all
Xor X 11X X5 €1 with

0<%, = X|+[x, = X|+|x, = X|+|x 3 —X| < T, there
exists N >1 such that
Xy —X| =T

The linearized equation of (1.2) about the equilibrium point
X is

Yo = PuYn + Po¥oa + PsYoo + PsYisr N =012, (1.3)

where
p, = %(Y,Y,Y, X)
P, 3i:1 (X,X,X,X)
p; = 8)(?:2 (X,X,X,X)
p, = 6)(?:3 (X, X,X,X)

The characteristic equation of (1.3) is

At —p A —p, A2 —p,Ai—p, =0 (1.4)

Theorem 1.1. (The Linearized Stability Theorem)

(i) Ifall roots of (1.4) have absolute values less than one,
then the equilibrium point X of (1.2) is locally
asymptotically stable.

(ii) If at least one of the roots of (1.4) has absolute value
greater than one, then the equilibrium point X of
(1.2) is unstable.

(iii) The equilibrium point X of (1.2) is called saddle
point if (1.4) has roots both inside and outside the
unit disk.

Theorem 1.2. [15] Assume that p, €[l ,i=1,2,---. Then

4
Ylpl<y,
i=1

is a sufficient condition for the asymptotic stability of (1.4).

Theorem 1.3. [15] Let [p,q] be an interval of real numbers
and assume that f :[p,q]* —[p.q] is a continuous function
satisfying the following properties:

(@ f(xy,z,t) is non-decreasing in X,ze[p,q] for
each y,te[p,q] , and non-increasing in
y,t e[p,q] foreach x,ze[p,q];

(b) If (m,M)e[p,q]x[p,q] is asolution of the system

M=f(M,mM,m)andm=f(m,M,m,M)
so m=M.
Then Eq.(1.2) has a unique equilibrium X €[p,q] and
every solution of Eq.(1.2) convergestoX .

Il. DYNAMICS OF
EQ.ERROR! REFERENCE SOURCE NOT FOUND.

In this section, we investigate the dynamics of
Error! Reference source not found. under the assumptions
that all parameters in the equation are positive and the initial
conditions are non-negative.

The Eq.Error! Reference source not found. has the
equilibrium points obtained from the equation

_ ax?
X=———,
X(B+yX)

SO,
X*(yX+pf—-a)=0,

a-p
.

then the equilibrium pointsare X, =0 and X, =

Theorem 2.1. The statements given below are true.

(i) If 3x < g, then the equilibrium point X, =0 of
Eqg.Error! Reference source not found. is locally
asymptotically stable.

(ii) If 3 > S, then the equilibrium point X, =0 of

Eqg.Error! Reference source not found. is a saddle
point.

(iii) The equilibrium point X, = QTP of

Eq.Error! Reference source not found. is
unstable.

Proof. Let f :(0,00)* — (0,00) be a function defined by

auw
f(u,v,w,t) =——.
v(B+t)
So,
M xx%%)=—2—,
ou P+yX
T xxxx)=- -
ov p+yX
o _ _ _ _ a
—(X,X,X,X) = —
ow L+yX
i(i,i,i,i =T
a (B+7X)
The linearized equation of
Eq.Error! Reference source not found. about the

equilibrium point X, =0 is

a a AN
— Xt Xa X =

AR

X

n+l
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S0, the characteristic equation of
Eq.Error! Reference source not found. about the
equilibrium point X, =0 is

14—%/13+%/12—%/1=0.

From Theorem 1.2,
Eq.Error! Reference source not found. about the
equilibrium point X, =0 is locally asymptotically stable if

[21

B

Thus 3a < £. The proof of (ii) follows Theorem 1.1.

o
+

(2

+ <1.

For (iii), the linearized equation of
Eq.Error! Reference source not found. about the
equilibrium point X, = a-p has the form

Y
a-p
X~ Xt X4 =Xt Xz = 0
o
S0, the characteristic equation of
Eg.Error! Reference source not found. about the

equilibrium point X, = is

a-p
Y

PR I LI St
(04

From Definition 1.2 and Theorem 1.2, it is clear that
Eg.Error! Reference source not found. about the

a-p
Y

equilibrium point X, = is unstable.

Then the proof is complete.

Theorem 2.2, The equilibrium point X =0 of

Eg.Error! Reference source not found. is globally
asymptotically stable.

Proof. Let g:[p,q]' —[p.q] is a function defined as
axz
y(B+rt)
g(x,y,z,t) function is increased with respect to X,z and
decreasing with respect to y,t. Let us assume that (m,M) is

the solution of the system

g(x,y,z,t) = . It can easily be seen that the

M=g(M,mM,m) and m=g(mM,mM).
So

M = aM? . am?

m(ﬁ’+7/m)' _M(ﬂ—i-}/M)

and
Mmg+yMm?* = aM?
mM S +ymM? = am?

If we solve linear equation system, we obtain
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(M —m)(a(M +m)+ymM)=0

Since (a(M +m)+ymM)>0, M =m.

From Theorem 1.3, the equilibrium point X, =0 isa global
attractor of Eq.Error! Reference source not found. and then
the equilibrium point X =0 of
Eq.Error! Reference source not found. is globally
asymptotically stable by Definition 1.2.

Then the proof is complete.

Theorem 23. Let {x} . be a solution of

Eq.Error! Reference source not found. is bounded if
a<l.

Proof. From Eq.Error! Reference source not found.

aXgX.,

= —X,l () <ax,X,
o GXXa
X, = AX X, _ X-1(,B+7X_3) - _ 0(2X72
L% (Brrxy) X% (Brrxy)  (BHrxL)(B+rxs)
<a’x,
a X, X
X = X% _ (ﬂ-i—)/sz)(ﬂ-i-}/Xf?,) ’
Pox(Brrxy) aXX,
X (ﬁwxs)(ﬂwx_l)
= azx’l <a’x
(B+yx)(B+rxy)
" a’x, ax,X,
o BB ) (B
* Xz(ﬁ+7xo) a2X72
(ﬂ+yxfz)(ﬂ+7x,3)(ﬂ+7)(°)
_ a’x 2
(B+rx)(B+rxy) R
a 0!2XO a2X72
_aXX (B+7%)(B+7rx4) (B+rx,)(B+rxs)
° X3(ﬂ+7xl) a2X_1
(ﬁ+yxfl)(ﬂ+7xfz)(ﬂ+yxl)
P2, 1S T
_ X71(ﬂ+7xfs) _ ale <0!2X1

(BHrx)(B+rx) (B+yx)(B+rX%)

By iteration we obtain

Xar1 = Xaks

X, > X
Ak Tk Lfor k =0,1,2,--- if @ <1.

Xpa > Xakss

Xax—2 > XKaks2
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Then the subsequences {xn}‘::_3 are decreasing and they

are bounded to M ={x_,, X, %, % from above. This
completes the proof.
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