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Abstract— The fatigue crack growth process of titanium
alloy is affected by uncertain factors, which leads to uncertainty
in the parameters of fatigue analysis, and it is necessary to carry
out reliability analysis. Aiming at the limitations of the
probabilistic reliability method on the high sample size and
statistical information and the large computational complexity,
a non-probabilistic reliability analysis method for fatigue crack
growth interval of titanium alloy is proposed. The uncertain
parameters in the Paris model are expressed as intervals, the
interval non-probabilistic reliability index of fatigue crack
propagation is defined and considered based on the fatigue life
model characterizes, and uses the interval mathematics theory to
solve the non-probabilistic reliability index. The example
calculation results show that the non-probability reliability
index decreases linearly from 99.231% to 90.846%, and the
calculation result is more conservative than the probability
reliability method, which is safer in engineering applications.

Index Terms— titanium alloys; crack growth; interval
variables ; non-probabilistic reliability; fatigue life

I. INTRODUCTION

Titanium alloy materials are widely used in
pressure-resistant shell structures. The pressure-resistant shell
structure will withstand the cyclical reciprocating stress of
seawater during service[1], and the resulting fatigue damage
may cause cracks and become an important factor affecting
structural safety. Therefore, the analysis of fatigue fracture of
titanium alloy has always been a research hotspot in
engineering. The existence of cracks greatly reduces the
strength of the structure, resulting in fracture stress far less
than the yield stress, even less than the allowable stress[2], is
the root cause of fracture failure. In fatigue problems[3],
fatigue load, fatigue life, fatigue crack growth rate and other
data often have great randomness and dispersion. In view of
the uncertainty in fatigue problems, it is necessary to analyze
the crack propagation using reliability theory. The traditional
structural fatigue reliability analysis using probabilistic
fracture mechanics[4] requires accurate description of the
probability distribution of uncertain parameters in the
reliability model, while the actual engineering and
experimental data volume is often lacking[5], which is not
easy to obtain. Uncertain statistical data of uncertain
parameters, small errors of the probability model can lead to
large errors in the reliability calculation results[6], so the

Benyang Tu Postgraduate of Naval Architecture and Ocean
En-gineering department of Jiangsu University of Science and
Technology,China.+8618260636263

Chunyang Zhao Postgraduate of Naval Architecture and Ocean
En-gineering department of Jiangsu University of Science and Technology,
China.+8618796087050

accuracy of the reliability analysis results cannot be
guaranteed.

In order to solve the reliability analysis problem in the
absence of statistical data, some scholars have proposed a
non-probabilistic reliability analysis method, and carried out
some research on engineering applications. Ben-Haim[6] and
Elishakoff[7]  first  proposed  an interval-based
non-probabilistic reliability analysis method, using interval
numbers to describe unknown but bounded uncertain
parameters, and using interval operations for analysis, the
method only needs to determine uncertainty. The upper and
lower bounds of the parameter. Guo Shuxiang et al.[8] used
interval variables to describe structural uncertain parameters,
and proposed a non-probabilistic reliability index and
analysis method based on interval analysis, considering
whether the structural stress set and the structural strength set
interfere. Wang Xiaojun[9] established a structural
stress-strength non-probability set interference model, which
uses the ratio of the volume of the structural safety domain to
the total volume of the basic interval variable domain as a
measure of the structural non-probabilistic reliability. Qiu
Zhiping[10] and Jiang Chao[11] gave a detailed summary and
summary of the interval-based algorithm, which provided a
reference for the calculation in engineering. Sun Wencai[2]
discussed the non-probabilistic reliability metrics. The
interval non-probabilistic reliability analysis method was
used to analyze the fracture mechanics based on fracture
mechanics. The Monte-Carlo simulation algorithm was used
to verify the reliability. Fu Anxi[13] uses the interval variable
to describe the design parameters of the manned spherical
shell structure. The structural reliability index is characterized
by the satisfaction degree of the ultimate load interval greater
than or equal to the load range. The three algorithms are used
to describe the manned spherical shell. Non-probabilistic
reliability analysis also provides ideas for this article.

In this paper, the interval analysis theory is applied to the
fatigue crack propagation reliability analysis of titanium alloy.
The uncertainty parameter in the crack propagation model is
used as the interval variable. Combined with the crack
propagation calculation formula and the fatigue life reliability
model, the non-probability of fatigue crack propagation is
established. Limit state equation for reliability. Based on the
interval non-probabilistic reliability theory, the interval
probability of fatigue crack growth life greater than or equal
to the fatigue crack propagation design life is taken as the
non-probabilistic reliability index. The interval arithmetic
method is used to calculate the reliability index, and
compared with the probability reliability method. The
non-probability method is more conservative, and it is safer in
engineering applications. The feasibility of this method is
verified. The method is simple and intuitive, and the fatigue
reliability analysis is easy and quick.
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Il. INTERVAL MATHEMATICS

A. Interval number and its algorithm
The interval number is a representation of the endpoint of
the bounded real number set[11]. Suppose that the upper and
lower bounds of the real set are respectively X and X and
the closed bound real set can be expressed as:
X' =[x, x]={x|xeR,x<x<x} (1)

The above formula is called the bounded closed interval,
where x is the endpoint on the interval and x is the endpoint
at the interval.In the bounded closed interval, it is called the

interval variable; X' is called the interval number, which is
the interval where the variable x is located; let the set of all
the intervals on the real number R be 1(R).

The number of spaces has some common basic quantities
that reflect its geometric properties. The width w(X "), the
dispersion x", the mean x°, and the relative uncertainty
B(X') of the interval number X' are expressed as:

o(X")=x-x @)
N _ )_(—)_(
P = e o (5)

The calculation of the interval number is based on the
algorithm of the set. For the interval numbers X' =[x,x] and

y!= [X,g/] , the addition and subtraction of the two interval

numbers are added and subtracted between all the elements in
the two interval numbers, and the upper and lower bounds of
the interval numbers obtained by multiplying the interval
numbers are respectively asked. The maximum and minimum
values of the endpoints of the two interval humbers, and the
number of intervals can be regarded as the inverse of the
multiplication[12]. In summary, the interval four algorithm is
organized as follows:

X' Y =[x X+, Y1 =[x+ Y, X+ Y] (6)

X' =Y =[x X]-[y, y]=[x—y, X~ y] (7)

% ey I[Z’)_(]X[XS'] = ([min(S), max(S)],
S = XY, XY, XY, Xy)

XY =[x X] <[y, y]

~ix XX 2, 20 ely. v]) ©
y'y

B. The possibility of interval inequality

The size between the two real numbers can be directly
judged by the numerical value, and the absolute value
between the two interval numbers cannot be directly judged
by a single value. The inequality relationship between the

interval numbers is generally measured by the interval
possibility[13]. Ishibuchi and Tanaka[14] proposed the
following definitions of the two possible intervals:

1) Interval probability that interval number X' :[>_<,>_<] is
greater than or equal to real number (point interval) «

P(X' Sa):max{o,min{l, a_i-( H
o(X")

2) The probability that the interval number Y' =[)_/,§] is

(10)

greater than or equal to the interval number of X' :[>_<,>_<]

I I _ . )_/_)_(
PY'>X )—max{o,mln{l,—a)(xI)M)(YI)H (11)

Jiang Chao[11] summarized the six possible relationships
between the two intervals, combined with the probability idea,
and proposed a unified interval probability. The interval of
this paper is based on this method for interval probability
calculation, which is expressed as:

0, xzy
5. y_TX . y_?, y<X<y<x
o(X') o) = (12)
— I -
J X+O. w(Y), XSy<y<x
o(X") oY) =
PY'2Xx")= - e - -
y=X  X=y y-x X-y Xx-y -

o) o) oy e wery XY
§-} +0.5(0(X')’
o))

1, X<y

I11. NON-PROBABILISTIC RELIABILITY ANALYSIS OF CRACK
PROPAGATION IN TITANIUM ALLOY BASED ON INTERVAL

A. Crack propagation model and establishment of limit

state equation

At present, in the study of fatigue crack propagation of
titanium alloy based on fracture mechanics, the most widely
used Paris crack propagation formula is expressed as:

da

W:C(AK) (13)

Where a is the crack length, N is the number of crack
propagation cycles, da/dN is the crack growth rate, C and n
are material constants, and 4K is the range of stress intensity
factors in the vicinity of the crack. The expression is:

AK = FAoma = FJma (0 — Omin) (14)

Where F is the crack shape parameter considering the
shape and position of the crack, Ao is the stress range at the
crack, and o, and oy, are the maximum and minimum
stresses of the cyclic load, respectively. From Eqgs (13) (14):

NN SR LS A
2, C(AK)" 2 C(FAcm)"

For the direct integration of equation (15), the fatigue crack

growth  life can be obtained as  follows:
N =(ai"? —ai ™?)[@-n/2)Cx"?(FA)"1™ (16)
Where a, is the initial crack length and a, is the critical
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crack length, and Eq.(16) is suitable for the material to
withstand the banner load.

The fatigue life model commonly used in fracture
mechanics is used for reliability analysis. That is, the fatigue
life N is greater than the design life N , and the structure is

considered reliable. The limit state equation is expressed as:
g(X)=N-N; (17)

The initial crack length is determined by the actual
measurement, and human error will be generated during the
measurement process, which has a great influence on the
crack propagation life and can be used as an uncertain
parameter for crack propagation. As a material parameter, C ,
n and K. have uncertainties and dispersions, which can be
used as uncertain parameters for crack propagation. The
critical crack length can be obtained by the K criterion. The
fatigue crack instability condition is:

Kmnax = FAoV7a = K (18)

The upper and lower bounds of the uncertain parameters
are easy to obtain. These parameters can be regarded as
interval variables. The interval expression of a is:

KI 2
a' = L)IZ (19)
¢ x(FAc')

The interval number is used to represent the parameters in
the crack propagation vector Z =(C,n,K,c,a4,8.,A0,N;)

of the titanium alloy, as shown in Tab.1.

Tab.1 Interval representation of crack growth parameters
n Kic ao aC Ao NC

[€Cl [nn] [Ke Kieldgao] [a,.ac] [Ac,AciNeN]

According to the definition of reliability, the state of crack
propagation is divided into a safe state and a failure state, and
the boundary between the two is the limit state. The limit state
equation of fatigue crack propagation from Eqgs (16)(17) is
expressed as

Z(X)=N-N, = (@ "2 -a§ "?)[a-n/2)Cz"?(FAc)"]* - N, (20)

B. Establishment and Solution of Interval

Non-probabilistic Reliability Index

Under the influence of uncertain parameters, fatigue crack
growth life N has randomness and dispersion, and its
variation has a certain range, which can be regarded as
interval number. Fatigue crack propagation design life o
can be considered design error to introduce dispersion
coefficient &, N, The number of intervals is expressed as

[&,N_c] .The non-probabilistic reliability index 7 of crack

propagation can be defined as the interval probability that the
fatigue crack growth life interval N' is greater than or equal
to the fatigue crack propagation design life interval N .
Expressed as follows:
n=P(N'>N) (21)
The range of the non-probabilistic reliability index 7 is

[01]. When 7 =0, the fatigue crack growth life interval N'
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is smaller than the fatigue crack propagation design life
interval N, and the titanium alloy material is in a failure

state. When 7 =1, the fatigue crack growth life interval N'
is greater than the fatigue crack propagation design life
interval N/, and the titanium alloy material is in a safe state.
When 0 <7 <1, there is no absolute size between the fatigue

crack growth life interval N' and the fatigue crack
propagation design life interval NCI . The closer 7 isto 0, the

closer the titanium alloy material is to the failure state, and the
closer n isto 1, the closer the titanium alloy material is to the
safe state.

The essence of solving the non-probabilistic reliability
index 7 is the inequality comparison between the fatigue

crack growth life N' and the fatigue crack propagation
design life interval NCI . The algorithm refers to Chapter 1,

and the interval number is calculated using the interval
arithmetic method [12].

IVV. INSTANCE CALCULATION

For the example in reference[15], assume a piece of
cracked plate, thickness b = 12mm, sheet material is titanium
alloy material, yield strength o, = 1009MPa, bearing banner

I _ —
load o = [45, 55] MPa, o, = OMPa, The shape

max

parameter F =1, the initial crack length a(') = [0.9,1.1]mm,

the fracture toughness K,'C =[87.3,97.2] MPa-v/mm and
the fatigue crack propagation design life
NcI =[20000 — «,20000 + ] from the test data of the
research group, combined with the actual test, the maximum
range of the design life is set to 10000~30000. « is the
dispersion coefficient of fatigue crack propagation design life,
the value range is 1000~10000, the step length is 1000, the
crack growth rate is da/dN =4.09x107°(AK)**?  and the

unit of AK is MPa-+mm . Reliability analysis of fatigue
crack propagation on panels.

The critical crack length a; = [0.796, 1.485]m can be

obtained from the Eq.(19). The limit state equation can be
obtained by the method proposed in the paper

Z(X) =@ _al T - 4.12/2)x4.00x107 10 741202 (p g )2 LN 20

(22)

The reliability indexes when « is a different value are
respectively obtained, and the calculation results are shown in
Tab.2. In order to compare interval non-probabilistic
reliability and probability reliability calculation results, the
interval variable is transformed into a random variable using
the "3 o " criterion and the hypothesis is subject to a normal
distribution. The Monte-Carlo simulation algorithm is used to
obtain a reliable probability through 10° simulation
calculations. The reliability index f of the method is verified
by the interval non-probability method. The relationship
between between the Monte-Carlo method g, the calculation
result » of this paper and « is shown in Fig.1. It can be
obtained that the calculation result of the non-probabilistic
reliability method is more conservative, and as a increases,
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the interval of N expands, so that the degree of interference

with the interval of N' increases, and the probability
reliability index decreases from 99.88% to 99.24%. The
decline rate is slower and faster, and the result is higher. The
non-probability reliability index is reduced from 99.231% to
90.846%. The titanium alloy material tends to be far away
from the safe state, which is consistent with the situation in the
literature[16], and conforms to the titanium alloy pressure
shell. Partial safety design requirements for the structure. The
feasibility of the method is verified by the interval
non-probabilistic reliability analysis of fatigue crack growth
of titanium alloy, which better reflects the fatigue safety
performance of titanium alloy

Tab.2 Calculation results

a N¢ N (%)
1000 [19000,21000] [20092,46902] 99.231
2000 [18000,22000] [20092,46902] 98.303
3000 [17000,23000] [20092,46902] 97.371
4000 [16000,24000] [20092,46902] 96.440
5000 [15000,25000] [20092,46902] 95.508
6000 [14000,26000] [20092,46902] 94.575
7000 [13000,27000] [20092,46902] 93.631
8000 [12000,28000] [20092,46902] 92.711
9000 [11000,29000] [20092,46902] 91.778

10000 [10000,30000] [20092,46902] 90.846
%
100 4
.———.—.—__.___H.
n
99 4
98
97 4
—=— The proposed method|
6 —+— Monte-Carlo method
95 T T T T T
1000 2000 3000 4000 5000
CL
Fig.1 Comparison between the proposed method and probabilistic reliability
method

V. CONCLUSION

For titanium alloy materials with less raw data, only the
upper and lower bounds of the parameters in the crack
propagation model are needed, and the interval variables can
be used for uncertainty description. Based on the Paris
formula and the fatigue life model, the limit state equation is
established, and the fatigue life is greater than or equal to The
interval probability of fatigue design life is taken as the
reliability index, and the solution method is given. The
example calculation shows that the non-probabilistic
reliability index is more conservative than the probabilistic
reliability calculation. As the dispersion coefficient « of the
fatigue crack propagation design life interval increases, the

interval interference degree increases, and the probability
reliability index tends to After the steady, it showed an
accelerated downward trend, while the non-probability
reliability index decreased linearly, and the result became
more conservative. In summary, the calculation results of the
non-probabilistic reliability method are more conservative,
and are safer in engineering applications, which can provide
reference for fatigue analysis of titanium alloy materials. As
an addition to the probabilistic reliability analysis method, the
interval non-probabilistic reliability analysis method for crack
propagation of titanium alloy has certain practicability in the
absence of original information.
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