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Pseudo-umbilical time-like submanifolds in locally
symmetric pseudo Riemann manifold

HuiRunBai

Abstract— In this paper, we studied the pseudo-umbilical

n
time-like SubmanifoldsM immersed in a locally symmetric

pseudo Riemannian manifold N""".  when M " is compact

and with parallel mean curvature vector, the sufficient

conditions for M " to be total geodesic are obtained by using the
Hopf maximum principle.

Index Terms— pseudo-Riemannian manifold; parallel mean
curvature vector; time-like.

I. INTRODUCTION

The studied of time-like submanifolds has been a long time,
and at the same time it is also a research direction that is more
popular in geometry. The development of the time-like
submanifolds has been extended to the case of locally
symmetric pseudo-Riemanns.

For pseudo-Riemannian manifolds, You-Jing hu and
Yong-giang Ji [1] studied the sufficient conditions for the
compact maximal time-like submanifolds in the de Sitter
space as sub-manifolds of all geodesics. Ying Li and
Wei-dong Song [2] expand the outer space of the
documentary [1] into a locally symmetric
pseudo-Riemannian manifold. The studied of the compact
maximum time-like submanifolds in a locally
symmetric pseudo-Riemannian manifold the Sufficient
conditions for submanifolds to become all geodesic, from
which it can be considered whether it is possible to study the
sufficient conditions for the formation of compact time-like
submanifolds with parallel mean curvature vectors in a locally
symmetric pseudo- Riemannian manifold as all geodesic
submanifolds, reference to existing documentary can be
obtained from the documentary[3]

n+p

Theorem A Suppose P a " locally symmetric

pseudo-Riemannian manifold, if M ™ is Pseudo-umbilical
time-like submanifolds with parallel mean curvature, if the
square of the second basic form module length S in M n
satisfied

4 3 9 13
S >[§(1—§)(P—2)n2 +§(1—5)(p—1)2n2H

+n] (n—1) + pnH?,

Then M"is a n+1 dimensional all-umbilical hypersurface
n+p
submanifold in ~ P
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K n+p
Nof P

1and M" s compact submanifolds.

In this paper, by improving the conditional conclusion of
Theorem A, the following theorems and inferences are
obtained.

The section curvature satisfies 0 <3 <KN <

N n+p
Theorem 1 let P be a locally symmetric
pseudo-Riemannian manifold,and its section curv

ature Ky satisfies 0<g <Ky <g, ,andM " s
n+p
P~ a compact pseudo-umbilical time-like submanifold
with a parallel curvature vector field, if the square of the
second basic form module length S is satisfied
1

S > p[nH? +nc, +%(c2 —¢)(n-1)?%(p-1)

2 31
+-(c,—¢)n?p?]
3 (1)
then M " is a all geodesic.
N n+p
Inference Let P be a locally symmetric

pseudo-Riemannian space type, and the section

curvature c¢ >0, when M "is n dimension maximal time-like
n+p

submanifoldsin P if the square of the

second basic form module length S is satisfied

S>npc
n+p
Then M n must be a all geodesic submanifold in P

Il. PRELIMINARIES
The scope of the various types of indicators agreed in this

paper is:
1<i,jk - <n; n+1<0o,B,y  -<n+p.
n+p K
P represent the indicator is p and section curvature =N
<c < <
satisfies O<c <K, <¢, Pseudo-

is a n dimension time-like
n+p

submanifold that is immersed into the P . Select local

pseudo-Riemann standard orthonormal frame field el - - -

n+p n

P WhenitisrestrictedtoM " let ol - - - on+p

. . . n
Riemannian manifolds, M

en+p in
for its dual frame.

n+p 2
Let P the pseudo-Riemannian metric SN be
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n+p

Z§w+Z§”,

a=n+1

(inside &i=-1, &o=1)
if the pseudo-Riemannian induces M n is metric to be

dSI\Z/I = Zn:éa)iz
=

n+p
M n is a time-like submanifoldin =~ P

n+p

let the contact 1 form for ®AB of , When limited to

M"

Wy, = Zf. hijaa)
j

h,HUU ,Rijkl ’RaﬁkI’ K

' b=

ABCD respectively are the second

. n
basic form of M , Mmean curvature vector,curvature

tensor,normal curvature tensor,
n+p

and normal curvature of tensor of then

h=>Y &&Eh 0, ®w, ®e,, H=2 Z(Zh" )e,,.

a,ij

lekl Kljkl +Z§ (h|k h ha)
2

Ry =Ko + Zé (hihy —hihf)

i : 3)
Ry = Z K = Z hichg + z hi he .
k a.k a.k

4)

M and M respectively First-order and second-order

covariant derivatives of !, then Codazzi and Ricci identity

respectively

hlljzk huT:J - mjk (5)
ukl ukl Z h mjkl - Z hrlrlu Rmikl - Z h'Jﬂ Rﬂaid
m p T

. . K
he covariant derivative = “ik! of the curvature tensor

field K i is defined as
- Z K@ = dKaijk - z K ik @ + Z Kaﬂjka)ﬁi +
| m Yij

D Kain@s + 2 Keis @
7 7

When Iimited to M " ,
-K aukl + Z Kmljk

; Kalﬂk jl +z Kauﬁhkl

+ Z Kaﬁjk il

aijkl =

()

n+p

According to documentary[4],if is locally symmetric,

K 0

then ' ekl — %

aljkl Z Kml]k

=2 Kapi =2 Ky

_Z Kaijﬁhk’f
s . (8)
In order to complete the proof of the theorem,
Notes
S= Z(hu ) H = Z(zhiim)2
ail,j a i
a = (hij )nxn )

n+p

5 . . .
lemma 1% Set P is a n+p dimensional Pseudo

Riemannian manifold,it’s section curvatre KN
0<c <K, <c

satisfies 2 then
1
|KABCD| < E (Cz - Cl)’
each differs from the other in A and
B;
2
|KABCD|S§(C2_C1)1 ) )
each differs from the other in A,B,C
and D.
I1l. PROOF OF THEOREM

Available from (2)-(8)

Las= 3 ()" + DT hgan > X T hang

a,i,jk a i,j a i,j
Z h'J hliu +Zzhu hlﬁ Kauﬁ' +Zzzhahﬁ ofik
a,i,jk a.Bi,jk a.Bi,jk
+ 3 Y WK g + D tr(H H )T +
a,pi,jk a,p
2> Ttr(HiH ) —tr(H, H;)? 1= tr(H2H )tr(H ).
a.f a.p
©
field, en+p can be chosen to be parallel to H
trH, =Y hi =0(a = n+ p),
trH,,, = > hi*" =nH.
' (10)
M" s pseudo-umbilical, so
hi*P = HY,
The followmg will estimate each item in (9).
According to documentary[6], M" has a parallel mean

Z hkklj =0

curvature vector field, then H is a constant,so k ,

Z hlj kkij — Zh (Z hkklj
thenal .k ail, ]
A = (tr(HaHP))pxp is real symmetric matrix, therefore, the

standard frame field can be selected to diagonalize, so

tr(H,H,) =tr(H2)S,,,
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Z:[tr(HmHﬂ)]2 = Z[tr(Hj)]Z > iSZ.
a,p a p (12)

h =406
Fixed a, let " Y from Lemma 1

22 z hi;'lhji Kaﬁki =2 zﬂfua hif Kaﬁki
B

ijk i.k,g

1
>2y %(c2 —e)a e 2—%(02 —e)(n-1)2 S trH?
i=k o

B(ra) g

1 2 )
—§(02 —¢)(n-1)?(p-DtrH,
And then '

, 1 :

ZZ Zhij hjlli Ko = g(cz —-¢)(n-1)*(p-1)S

a,pi,jk
(13)
because of the conditions assumed by the Theorem

< <
0<c, =Ky =¢, and diagonalization of the matrix,we
can know
Z Z K o hi?hif -
a,pi,jk
a a2

Z Z K o hijﬁ + z K ok ()
a,p(za)i,jk a,i,j.k
<nc,S

2. 2 Kauahiihi =-nc,$
thereby «/ 1.1k
In addition,From (10) and Lemma 1.

Z Z hi i Kaiip =Z Z hi Keigs Zk: hie

a,pi,jk a,p i,

2.

ail,]j

2 2 .-
2—5(02— IN[H| 2—§(c2—cl)n IH|S?

he

2
because of © = MH further

2 21

D> > K i, > _§(C2 —c,)n®p2S
a,ﬁ i,j,k (15)
Notice
D Itr(HiH)—tr(H,H,)*1=0
“p : (16)
and by (10) and M n is pseudo-umbilical
=Y [tr(HZH )1(trH ;) =—nH?S

ap 17)
substitute the above estimates (11)-(17) into (9)

3 1 1

: —e)n?p? 2 6, -)(n-1)?

2
—AS>S(——=(c
5 (3(2

(p—l)—nHz—ncz+%S)

the conditions in the theorem are

25
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1
S > p[nH? +nc, +%(c2 —¢)(n-1)2(p-1)
2 31
+§(Cz_ N?p?]

Guaranteed
3 1 1

2 > = 4 =
_g(cz _Cl)nzp2 _g(cz _Cl)(n_l)z(p_l)
—nHZ—nc2+lS >0

p

1
—AS>0
it’s not hard to verify
M" s compact, from the principle of Hopf maximum
1
—AS =0
S is obtained as a constant, so there
must be S =0 ,50 M n is a all geodesic submanifolds.
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