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Abstract— In this paper, the numerical solution of fractional 

order logistic equation (FOLE) is considered by Shannon 

wavelet functions. We derive the wavelet operational matrix of 

the fractional order integration and by using it to solve the 

fractional order logistic equation. An illustrative example is 

presented to demonstrate the applicability and validity of this 

wavelet base technique. The results obtained are in 

good-agreement with the exact solutions. It is shown that the 

technique used here is effective and easy to apply. 

 

Index Terms— fractional order logistic equation (FOLE), 

Shannon wavelets, operational matrix 

 

I. INTRODUCTION 

  In recent years, fractional modeling and fractional 

differential equations has been used widely to deal with some 

engineering problems such as aerodynamics, signal and image 

processing, economics, electrodynamics, biophysics, polymer 

rheology, economics, control theory and many others. Since 

the wide range applications of fractional calculus and 

dynamics, this area caught the interest of many researchers. 

The main advantage of fractional derivatives lies in that it is 

more suitable for describing memory and hereditary 

properties of various materials and process in comparison 

with classical integer-order derivative. Most fractional 

differential equations do not have exact solutions, so 

approximations and numerical techniques should be used for 

them [1-7]  

The fractional Logistic model can be obtained by applying the 

fractional derivative operator to the Logistic equation. As 

known, Pierre F. Verhulst introduced the nonlinear term into 

the rate equation in 1838 and obtained what today is known as 

the logistic equation [8]   

               (1) 

This differential equation is one of the few nonlinear 

differential equation that has a known exact closed form 

solution 

                    (2) 

where  is the initial state  (   , where 

 is the total population at the initial time and   is the 

carrying capacity of the ecosystem) [9]. Here we consider the 

fractional order version of the standard logistic equation as 

           (3) 

with an initial condition . 

.  
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Fractional logistic equation has no known exact solution yet. 

Therefore, we study on the numerical solution of the equation. 

Most known application of the logistic equation is the 

modeling of population growth. In this model   defines 

the growth rate and  and  represent population size and 

time respectively.  

Another application of the logistic model is in medicine, 

where it has been used to model the growth of tumors [10]. 

Fisher and Fry [11] and the adaptability of society to 

innovation use the logistic equation to model the social 

dynamics of replacement technologies.  

In addition, wavelet analysis is a relatively new area in 

mathematical researches. Wavelets are localized functions 

and a useful tool in many different applications: signal 

analysis, vibration analysis, solving PDEs, data compression, 

solid mechanics and operator analysis. Usually, wavelets have 

been used only as any other kind of orthogonal functions, 

without taking into consideration their fundamental 

properties. [12,13] 

   In this paper, we show to use Shannon wavelet bases to 

solve the fractional order logistic equation. Firstly, we derive 

Shannon wavelet operational matrix of the fractional order 

integration and then we use the Shannon wavelet operational 

matrix to transform the fractional order equation into 

algebraic systems of equations completely.  

Finally, we solve this transformed complicated algebraic 

equations system by Matlab software. 

   The paper is organized as follows. In Section 2, we 

introduce some preliminaries of the fractional calculus theory. 

In Section 3, some relevant properties of the Shannon wavelet 

bases and function approximation by these bases are 

presented. In addition, operational matrix of integration for 

Shannon wavelet is obtained. In Section 4, we demonstrate a 

numerical example and we end with some conclusions and 

remarks in Section 5. 

II. BASIC CONCEPTS 

Definition 2.1. A real function  is said to be in 

the space  if there exists a real number  such 

that  where . Clearly, 

 if . 

Definition 2.2. A function  is said to be in the 

space  if   

Definition 2.3. The Riemann-Liouville fractional integral 

operator of order  of a function, 

 is defined as 

i.  

ii.   

The properties of the operator  can be found in [14-16]. We 

make use of the followings. 

For     and  
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Definition 2.4. The Riemann-Liouville fractional derivative 

of order  of a function is defined as 

 

III. SHANNON WAVELETS AND OPERATIONAL MATRIX OF THE 

FRACTIONAL INTEGRATION  

 

This section is devoted to introduction of Shannon wavelet 

bases, function approximation with these bases and establish 

the operational matrix of fractional integration. 

i. Shannon wavelets 

Wavelets are a family of functions constructed from dilation 

and translation of a single function called the mother wavelet. 

The scaling function for the Shannon multiresolution analysis 

is sinc function that defined on , and is given below 

 
 

Theorem 3.1 ([17]). The function  is a scaling function 

of a multiresolution analysis and the corresponding mother 

wavelet is defined by 

 
 

Theorem 3.2 ([17]). Let  be non-negative integers. Then 

the family 

 
 

is an orthonormal bases of .  are dilatation and 

translation parameters in above theorems respectively. 

 

ii. Reconstruction of a Function by Shannon Wavelets 

 

In this section we express the convergence of orthogonal 

wavelet series when the mother wavelet is of Shannon-type. 

Also we show how to approximate a reasonable function with 

these wavelet bases. 

 

Theorem 3.3 ([17]). Let    , if  is 

of bounded variation on every bounded interval, then the 

wavelet series       

 
converges to  as  at every point of continuity of 

 

 

Therefore, any function  have an Shannon 

expansion as 

 
 

where ,  >  in which  <· , ·> denotes the 

inner product. The serie (3.1) is truncated after -terms as 

 

 
 

where m denotes a positive integer,  and  are vectors 

given by 

 

 
 

iii. Operational matrix of the fractional integration 

 

In this part, we may simply introduce the operational matrix 

of fractional integration of Shannon wavelets. 

 

Firstly, taking the collocation points as 

 ,   

 
we define Shannon matrix  as 

 

 
 

Finally, for , the 

Shannon coefficients  can be 

obtained by 

 
 

For example, when   Shannon matrix is written as 

 
 

 
 
 

Now, we need to integrate the . It can be approximated 

by Shannon expansion with Shannon coefficient matrix P, 

 
where the -square matrix P is called the Shannon wavelet 

operational matrix of integration. Our goal is to derive the 

Shannon wavelet operational matrix of the fractional order 

integration namely . For this, we use term of 

Block Pulse Functions on  (BPFs) as follows 

 

 
 

 

where  

 

  functions have some useful properties like disjointness 

and orthogonality. Respectively that is, 
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Then, the Shannon wavelets can be transformed into an 

-term block pulse functions (BPF) as 

 

                        (4) 

 

where 

 
 

Kilicman and Al Zhour [18], have introduced the Block Pulse 

operational matrix of the fractional order integration  as 

follows 

 

                         (5) 

 

where 

 

 

 
 

with 

 

 
  

for     

 

Next, we derive the Shannon wavelet operational matrix for 

the fractional order integration. 

 

 

Let 

                         (6)        

 

where the square matrix  is called the Shannon 

wavelet operational matrix of the fractional order integration.  

 

Using Eqs. (4), (5), we get 

 

                                                                     (7) 

 

from Eqs. (6) and (7), we get 

 

     (8) 

 

Then, the Shannon wavelet operational matrix  is 

written by  

 

                           (9) 

 

For example,     and  , the operational matrix 

 is computed below  

 

 
 

IV. NUMERICAL EXAMPLE 

    

Showing the efficiency of the method, we take the following 

fractional logistic equation. All the numerical results were 

obtained by using the Matlab software.  

 

Example 4.1.  Consider the following fractional order logistic 

equation.  

 
                       

(10) 

Now, we transform all terms of the equation into Shannon 

series form below. Firstly, let 

 

                                              (11) 

 

with the initial states, we get 

 

                                     (12) 

 

                          (13) 

 

Substituting Eqs. (11-13) into (10), we get  

 

 
 

(14) 

Hereby, Eq. (10) has been transformed into a system of 

algebraic equations. Substituting values and solving the 

algebraic equations system, we can find the coefficients   . 

Then using Eq. (13), we can get .  

The numerical results for  are shown Fig 1,2,3,4 under 

the different values of   . The numerical solution is in good 

agreement with the exact solution.  

 

 
Fig 1. The comparison between the approximate solution and 

the   exact solution when   
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Fig 2. The graph of   for   

 
Fig 3. The graph of   for   

 

 
Fig 4. The graph of   for   

V. CONCLUSION 

In this paper, the Shannon wavelet functions has been 

employed to solve fractional logistic equation. The results 

obtained by the method are in good agreement with the given 

exact solutions. The study show that the method is effective 

techniques to solve fractional logistic equations, and the 

method presents real advantages in terms of comprehensible 

applicability and precision. 
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