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The Reduction of Resolution of Weyl module from
Characteristic-free to Lascoux Resolution in case
(6,5,3)

Haytham Razooki Hassan, Nora Taha Abd

Abstract— In this paper we study the relation between the
resolution of weyl module K, - 5 F in characteristic-free mode

and in the Lascoux mode (characteristic zero ),more precisely
we obtain the Lascoux resolution of K - o F in characteristic

zero as an application of the resolution of K;:5F in
characteristic-free.

Index Terms— Resolution ,Weyl module Lascoux module
,divided power ,characteristic-free.

I. INTRODUCTION

Let R be commutative ring with 1 and F be free R-module by
D, F we mean the divided power of degree n. The resolution
Res [p ,q .1ty t;] of weyl module K, F associated to the

three-rowed skew-shape
(p+ty+t.9g +t.7)/(t +£.£,00 call the shape
represented by the diagram
£y P
(2" gq

T

In general ,the weyl module K, F is presented by the box map
EL‘:—D Dp+r1+RF®Dq—r1—RF®DrF
&
n Il'f:l_.-..J
— D, F@D,F@D, F — Ky,
E[}D DpF'quH:HF@Dr—r:—[F
Where the maps
L0 Dpat, +5F®Dy_,_F®D,F — D,FR®D,FRD,F may
be interpreted as K** divided power of the place polarization
from place 1 to place 2 (i.e. 85" ) the maps

2120 Dy F®D, 1, i F®D, _,_F — D,FRDF®D,F may
be place 2 interpreted as [ divided power of the place
polarization from place 2 to 3 (i.e. ﬂ'h )[1]. we have to

mention that we shall use I, instead of D.F to refer to
divided power algebra of degree n .
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Il. CHARACTERISTIC-FREE RESOLUTION OF THE PARTITION
(6,5,3)

We find the terms of the resolution of weyl module in the
case of the partition (6,5,3) .In general a terms of the
resolution of weyl module in the case of a three-rowed
partition (p. g.+} which appeared in [2] are
Res Pa0) @D B TieZi Uy Res
Pa+H+L+]) @Dy BTy nona Za ¥hat 2
Res ([p+1s+1,g+1a+1,0: = L)& Dr_ g, pey
Where X, y and z stand for the separator variables, and the
boundary map is &, + &, + d; . Let again Bar(M,A;S) be the
free bar module on the set S={x,y,z} consisting of three
separators x, y and z, where A is the free associative
(non-commutative) algebra generated by Z5;,23; and &4
and their divided powers with the following relations:
227 =202 and 2050 =227
and the module M is the direct sum of tensor products of
divided power module D, @D, @D, for suitable g, and =
with the action of 2,23, and Z4; and their divided powers .
we will consider the case when # = 6.4 =3 .and r =3,
we have

Res([6,5,0]) @D, @ E[2D££;+Ljy

Res([6,5+I+1;1+1]) @ Dy_;_, P E;120_;23;1g;i;:“?yg;fli*”z
Res([6+{1+l75+{:+17{: - |Fl:l)lgl D!—I:[1+::+::I YSO

(+13

Lo Ly Res([6,5+1+1;1+1])
®D, BZ2y
® D, @ Z.2 v Res([6,8:3])® Dy and

X soien, Zl2 gy gl 2 Res([6+ 1, +1,5+ [; +1; [; —
@ Dy, 410413

= Z3:¥ £3:2 Res([7,6;,0))&@ D, & E;‘I} Z3:2 Res([7,7;1]) 0

@Dy

= Zay Res([6,7:2])

Res([6,6;1])

I1])

a,
Where Za.¥ is the bar complex: 0 — Zz2¥ —= Za5 — 0

iu ¥ is the bar

32 complex:
Ii'J-' 2 Ii'J-' 2
0 — Zgydayy — 45y ¥y — 45y — 0
Zgijy is the bar complex:

8y fa 2
0 — ZayyZas¥Zay — Zas iy @ ZaavZIly
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I _m ¥ Lm . . dz
— I y——Z."— 0 and Z3; =z is the bar complex: 0 — Z;,z — 25, — 0
Then in this case we have the following terms :
= In dimension zero {M;} we have D& D&,

@ |In dimension one (M, we have

o 294D, ,,®D,_,@®D, ;withb =1,2,3,4,5

o 20 yD, @D, ,@®D;_, ; with b =1,2,3

= In dimension two (M;} we have the sum of the following terms:
o« 2002z 502D, b @Dy ®D; s with |bl = by + by =

23,45

o 2272 %Dy, ,@Ds_, @D, ; with b = 2,3,4,5,6

2

e 2 9yz0 2D, ,@D,_, @D, ; with b = 3,4,5,6,7

e 2 7yz 0D, ,@D;_, @D, swith b = 4,5,6,7.8

0 253"y Z,2" yD®Ds , 3 ®Dy_y swith [bl = b, + b, =

2,3

20y 2, 2D. @D,y ®D,_y swith b = 1,2

= In dimension three (M} we have the sum of the following terms:

(b3

-Z’giijxﬁzl 'xﬁéiﬂxﬂs+|b|®ﬂs_|b| @Dy ;with |bl = by +
b, + by = 345and b, > 1

o 23y yZ Y xZ 0P xD,, 1 @D @D, swith bl = by +

and by = 2

0 2,3 yZ 0 x2,07 xDg, 1y ®D; _iy @D, swith |bl = by +
b, = 4,5,6,7

and by = 3

* 322}’32:J’3£?Iﬂs+a®i}.—._a @D, :with b = 345,67

() (b,

(p-1
© Do VI, " %2007 xDg, 5 ®D;_ 1y @D, s with |b|l = b, +
b, = 5.6.7.8
and by = 4
e 2Lz 7 B iDL @Dy, @D, iwith ¢y +¢, =
3and b=4,5678
8 L0y V0 ¥ ¥D, @D, @D,
0 Z2yyZ2, 202D, @D, ,®D, ;withb = 123456  ®Z.2 vZyzZi xD;,,®D;_,@D, iwith b = 2,3,4,5.6,7
® D37y g yis, 2D, @0, @0,
= In dimension four (M,} we have the sum of the following terms:

(B,

o 20y g B2 g B 7 00 Dy @Dy @D swith |bl =
Y4 ,b;=45Sand b, = 1
.z!:_}:z;;ﬂ_ﬂxzéE::'_rzi?_gjxﬂﬁﬂﬂ®D5_|b|®ﬂz ywith |£J| =
by + by + by = 45,6

and by = 2
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o 20 yz Bz Bz By p L @D, @D, swith |b] =
b, ¥ by + by = 5,67

and by = 3
. zaz}zaz}zmﬂxzmz\lxﬂs+|a|®D?—Ibl®ﬂl swith bl =

b+ b, = 4567 and b, = 3

(3] (E IE
© 2. v By 22? xZﬂ xﬂﬁ+|,,| ®Dg_ 5 B, rwith |b| =
b1+a=+ag_ﬁ?a

and b, = 4

(o) 0 (
* 23t Vs - Yoy 2 xz'.'n -‘fﬂ.-,+|,,| @Dy _ |5/ ®Dy ; with ¢, +
c, = 3 andlbl = b, + b, =5.6,7.8

and by > 4
¢ 233y Z32vZ20yZo L %D, , y@D,_y @D, s with b = 4,5,6,7.8

o 23,923,225 x50 D, @Dg_ 1y ®D; s with |b] =
by + by = 2,3456and b, = 1

Ny }zﬂzz“’i‘xz“’=‘xﬂ-+|:,,®ﬂ__|ﬂ|®ﬂn with |b] =
by + by = 3,456.7 and b, = 2

. Zaz.‘r'zazfzaizgzri?xﬂnag’ﬂr—bg’ﬂn swith b =
2,3.4.3.6,7

= In dimension five Mz} we have the sum of the following terms:

® 23y X8 XE gy X3y Xigy xDyy @Dy BD,

.z“}z“’i“xz“’ﬂ xZ0 5729 %Dy, 15 @Dy @D, s with |b] =
4 b; = 5,6 and

by = 2

. Z;ijyzgfﬂxz;iﬂxzraa xj,'rr:-'- xDg, 5 ®D;_1p ®D, ;with bl =

¥4 b, =67 and

by =3

o 2oy yZayZ B0 xz [P0 7 B8 %D/ ®D; |3 ®D; swith |bl =

by+ by +b;=567and by =3

.zriﬁ}Zr"i 325 xZ,2% %7 31 5Ds . 5y @Dy ®Dp s with |b] =
b =78

and by = 4

0 25 YT YT X2 525 %D 15y @Dy _ 15 ®D, s with c; +

£, = 3

and Ibl =by + by + by =6,7.8and by = 4

. zaz}zaz}zaz}zmﬂxzmﬂxﬂﬂliﬂ@ﬂﬁ-m ®D, ;with |bl =

by 4+ b, =5,678and b, = 4

o ZpyyZa,zZ 0t xZ 0wz B yp | @D, |, @D, s with |b| =
byt by + by = 3456and b, = 1

22 yZ,,22 0 12 7P 0 @D, @D, s with |b] =
by + by + b; = 45, 6?mi£:1:_=-2
B ‘| E ‘|
© Z33VZ33¥Z3122,," xZ,,% xDy, |y ®D; _ |5 @D, swith |bl =
by +b, =34567and b, = 2
= In dimension six [M;z} we have the sum of the following terms:

. Zaz}'z;isznxznxznxzuxﬂu @D, @D,
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o 22 yZ P w2, x50 x D0y xD @ D@D, 8 ZyyyZavZ ot xz W g Bz B p @D, @D, ;

with |bl = X%, b; = 6,7and b, = 3

o 2o yZ Y T x5 D x D0y kD B D@Dy @ I yz ¥ g B g 102 g (08 By @D,y @D
with ¢, + ¢, = 3and|bl =T, b; = 7.8 and by = 4 e Z,,yZ5,yZayy 2ot 2225 5209 2D, |, @D,y @D, ;
with |bl = b, +by + by = 6,7,8and by = 4 » Zy,y7a, 2200 2202 525 x7 % 2p_ . @D, @D, ;

with |bl =%, b;=456and b, =1

-E.,.. }E.,izﬁlﬂi J:E..j_ Elﬂg .rZ'..E"' x5, 15 B Dy @Dy

with |[bl =%}, b; =567 and b, = 2

. Z!:_}-'Z'E:}-‘Zﬂzz.'. _rE.I.E" .rZ'..ﬂ3 XDy @D;_ | @D ;

withlbl = b, + by + by =4.,5.6,7and b, = 2

= In dimension seven (M-} we have the sum of the following terms: ® Za,yZa, V2. %22, %Z 2 %Z, x5, xD,, @ D@D,

. zi;ij;z'f 2

yZ 2 g 0 g B g B g B b @Dy @D,
withe, +¢; =3 and |[bl =X, b;=8and b, = 4

¢ 2oy ZaayZany It x2 7 09z P p, L @D,y @D, ;

with |bl=b, +b, +b;=7.8and b, = 4

o Doy oy 2Z 0V xz B g 0 g 0 7 0y @D, ®D, ;
with |bl =X%_ , b, =56and b, =1

-Z.,.. }E.,lzzlﬂi _rE.I.E" xZ|ﬂ3 .rZIE“ .rz'.i_ XD |y @D;_ | @D, ;
with |bl =27, b; =67 and b, = 2

o 2oy VZayyhayzZot? xZ2 03 xz B 7 0 o @D, @D, ;

with |b| =¥, b; = 56,7 and b, = 2

= In dimension eight (M} we have the sum of the following terms:
"'Z!:_‘}’z2:}’32:}’3£::|IZ:1-’-'E:szzlxzzlxﬂm@'Dn@-ﬂn

# Z o VI T8 g X T gy X8 gy Xy D gy %y xD @D, & D,

. Z.',:ﬁ}'Z-,le.l xE gy xE gy xF oy x iy xFyxD @D, @D,

¢ Doy yZaayZsyzZot 22 02 57 5 7 0 07 0 up L @D, @D, ;
with |bl =%, b; =67 and b, = 2

Finally In dimension nine (M} we have
'ZE:}’Z!:J’ZELZZéij-rznxz:1-1'3:1-1'3:1-’-'3:1-1'51,4@DDE’DD

In[2], itis necessary to introduce a quotient of bar complex modulo the Capelli identities relations ; the proof these relation

are compatible with the boundary map &, + &, + d; is complicated [2] .

I1l. LASCOUX RESOLUTION OF THE PARTITION (6,5,3)
The Lascoux resolution of the weyl module associated to the partition (6,5,3) looks like this

D F&D,F&D.F D,F&D,F&D,F
0 — D F @D F&D,F — @ - @ — D,F&D,FED,F — (
D.F @D F &D, F D F @D ,FED, F

Where the position of the terms of the complex determined by the length of the permutations to which they correspond .The

correspondence between the terms of the resolution above and permutations is as follows:
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D F ®D.F ®D,F «s identity
D,F®D,FED,F « (12)
D.F ®D,F ®D,F « (23)
D,F®D,FEDF « (123)
D,FED. FED,F « (13)
D,F&D,F&D,F « (132)

Now ,the terms can be presented as below ,following Buchsbaum method [1] .

My = Ay
M, = A, + B,
M, = A + B,
M, = A; + B,

M; = B; ; for j=4,5,6,7,8,9.
Where A; are the sums of the Lascoux terms and the E; are the sums of the others.
Then the map can be defined as: o:B; = A4

If we define this map as follows:

. E;ij_r{l;'] — 22, xd,, () swhere v e D, @ Dy @&

D,

. Z.l.:ijx{v:] — %Eglxﬂ;fj () where ve Dy @D, @D,

. Z.Ef.r{l::] — iznxﬂ;fj () swhere v € Dy @

D, @ D,

. Z;?x{v:] — 1—5:221_1'3;? () iwhere v e Dy @

D, @ D,

'Zigj}-‘(lﬂ — %Eg:}-‘ﬂ;:ﬂ{ﬂ swhere v €D, @D, ®

Dy

We should point out that the map o, satisfies the identity :

4,4, 01 = 05,5, (3.1)
Bagay

Ay ————— A4, =E,

A=

By
Where by &, 4. we mean the component of the boundary of the fat complex which conveys A; to A;. We will use notation
Gapya; o+ Oag, 5, €€ . Thenwe candefine 8y:4; Ay as 8, = §,, 4, .Itiseasy to show that 8; which we defined above satisfies
(3.1) ,for example :
':5.41.4., @ Ui:]{ziijx{“]] = '5:11.4.”{%3:1-7:6:1{“']:] =
2 (02005, ) =87 () = 85,5, (Ft %))
At this point we are in position to define #;: A;.A; as &; =&, 4, + 9,845,
Proposition(3.1)
The composition 8; =&, =0
Proof: [1] ,[3]
8, oy () = 64,4, © (a4, (8) + 0y ° 8, 5 ()
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= 5.11.-1., 2 '5.-1:.-11 (a) + '5.-11.-1., aay e '5.-1;31 (a)

but &y, 4, @0y = 05,5,

8, o8, (a) = 84,4, " Oaza, (a) + 5,5, © 04,5, (a)

Which equal to zero because the properties of the boundary map & [1] ,so0 we get that 8,8, = 0,

Now we define map o;:E;.4; such that
5A:A1 +oy0 53:31 = ':'EA:A,_ +o° '5.1:31:] ¢ oy

We define this maps as follows:

¢ Doy xZo,x(w) — 0
* Zéi:'.rzzlx — 0

-Zn_rziij.r{v] —
0
D, @D, & Dy

o 200 %7, x(v)
0
D@D, @D,

. Zéiszéijx{v] —
0
Dy ®D, ® D

* Zn_rziij.r{v] — 0

. Zif.rzu.r{v] —
0
Dy, @0, @D,

«Z0xzZ
0
Dy @ Dy & Dy

o %250 %)

i xw) =

"2
0
Dy @Dy @D,

* Zn_rzéf'.r{v] —
0

Dy @Dy @D,

-Z!:_}-‘.Zéir'.r —
%E!:}-‘E;ijxﬂ:l(l::]
D,® D@ Dy

. Z!:_}-‘Z'ij.r{v] =

1 (2 (2
EEH}’E:L xd,, ()
Dy & D; @D,
g Zz:}’zf-"{“} —
1 (2. (@
EZ!:}-'EH iy, ()
D@D @D,

32:)"3;?-:‘{""] —
1 (21 041
EZ!:}’E:;L' xdy, (v)

D;@D,® D,

iwhere 1 €

iwhere v €

iwhere 17 €

iwhere v e

iwhere 17 €

iwhere 17 €

iwhere 17 €

rwhere 17 €

iwhere 17 €

iwhere v €

where 1 E
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iwhere v e Dy @ Dy 3 Dy

wherev e D, @ D, @ Dy

swhere v e D@D, @ D,
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E,-}E.l xdy, (1) + - E,-}E.l xy, Ay (17)
.uhwevED9®D4®Dl

" 233 ¥Zg3 x(0)

1 3] 1 (@ (2
TLmVig %8y, 8y (v) + g iaa¥iyy ¥0y; 85 (V)

swhere e Dy @D, @ Dy

-E.,.. }3.1 xlv) — — 3-,-}}3..1 :Jr:ﬂ,.1 By, () —

;E!:}-'Eglzﬂn ':lf]

iwhere ve Dy, @D, @D,

. Z.',:"}'Z'.'.f'x{b:] —

——E,:}-quzﬂff(ﬂ -
1t T L
EZ!:}-‘EH Iﬂ':j_ ﬂ!: {1-1':]

.',:\' ‘Z.l () —

- sz!:}'zzizau (v)

Dy @Dy ®Dy

* Z32¥Zay(w) = 0
1] (4]

zg;;fﬂﬂ

=Zq }3"1 :rﬂ.,l () —1-5'

k1]

_E .Z-;lzﬂ‘..l aq"{lf:]

-

[rt]

0l

]

iwhere ve D, @ Dy @Dy

rwhere 17 €

swherev eD, @ D; @ Dy

a7 _'),E.l xﬂ.:l\l ﬂ‘.,l..\' () —

iwhere v e Dy @ D, @ 0,

(8 (1)

-Z.,.. yZg x(w) — = E-,-}Z..l xdy, 85 () —
—E.,.-}-'E.,,_zﬂ.l B,l(bj rwhere v €Dy, @D, @D,

1]

LR }'3"1 xlv) — — Z-,-}E..l by, Bgn

(4] (2] (2] '

{ :] + Z'J"J-Z"j_ Iﬂni B"J-B'J]_{lf:] + Z'J"J'Z":L B’I';.\I 'I’;:I{L:I

iwhere v e Dy, @ Dy @ D,

3

(3 (2 (244

LR }3"1 xlv) — — Z-,-}E..l xdy, 8y () += Z-,-}Z..,_ x8;, 82785, (v) ; where v € D;; @D, @D,

-Z.I,:ﬁyz.l xlw) — —
-Z-,-_}E.',:\'}{L:]

a

Dy @& Dy & Dy

. Z.',:"}'Z'-,-}{L:]

0

D, & Dy & Dy
'Zgij}’zzlz'i“:] —
%EE:J’EELZHE: (v)
D; ® D, @ D,

E!:yZ!lzﬂ:'l 83, (v)

swhere e Dy, @D, & Dy

iwhere v €

iwhere v €

iwhere 17 €

It is easy to show that @; which is defined above satisfies (3.2) ,for example we chose one of them

{2}
(65,4, + 01055, WZgg yZyzlv))

D, @D, @D,

iwhere v €

= 0, (28, (1)) — Z,, 2807 (0) — 6, (22 v, (0))
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%EE:J’aziag[::j{V:] +%32:J’ﬂ!:ﬂ!1{1ﬂ _E:Lxﬂg[:gj':l?] -
Z3py8;,8;, (v)

e

%ZE:}’auagl:;?j':V:] _lE-Z!:J’ﬂE: 82 (v) _zzixﬂgl:sj'i“:]
and
1
':'5.4;.41 + HlﬂA:Bij{;E!:}?zELZﬂE: ':1":]]
1 1 ira]
= 0y C 23 y8y 85, W) — JZ5y 285778, (0) —
%32:}’32132:':1’:]

izz:}’an'ﬂ'!:ﬂzz':“:] +1E:Z!:}’32:321':1'"] -
%E-':j.-":'ﬂ::::ﬂ':“'"j _%32:}’32: 83, (v)
= 5222}’3213:}:::'{1?:] _lE:Z!:J’BE: 82 (v) _3:1-1'39':;?}{1?]
Proposition 3 .2
we have exactness at A;
Proof : See [1] and [3]
Now by using o; we can also define 8;:A; = A; by 8; =8y, 4, + 02045,
Proposition 3.3
8,08, =0

Proof :the same way used in proposition (3.1)

we need the definition of a map o3: Bz — Az Such that &5, 4, + o3 -53332={5,43A: + o304, 5, }ag

As follows

3

Zoyy 28y xZa, (1) —
] swhere v € D@D, @10,

3

E;i:'xzuxznx{v:] —

a iwhere v e D@D, @D,

B3y xZ 0 xZ 5, x(v)
] swhere v € D)@D, @D,

Eu_an.rZ;i:'_r{vf] —

a iwhere v e D@D, @D,
2 xZ,, %25, x(v) —
] swhere v € D, @D, D,

Eu_rZ;iij:l_r{v:] —
a iwhere v e D, @D, @D,

B3y %25, x50 x(1)
] swhere v € D, @D, D,

60
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E;i:'xZéiij:,_x{v:l —

0

2057, %20 () =

0

3

2
1

2

ZpxZ 7 xZ x(w) —

0

Zaa¥ID %25, x(0)
0

E!:}-'Zéi:'xzﬂx{v‘:] —
0

E!:yzéi:'xZéijx{v:l =

0

Zqg¥E éf' x4y 1) —
0

E!:yzéi:'xZéijx{v:l =
]

3

E!:J’Zéiszijx{“j —
0

ZaaVIL %25, x(0) —
0

3

E!:}-‘Zéf'xZgijx{v] —
0

@

Zga¥dyy ;rZé:i:'x(v:l =
]

E!:J’Zéiszijx{“j —
0

Z0yz P2z, x(0)
0

(2 4
» o5 VI, xZyx(v) —

1 1]
;E!:j.-‘zglzz:j_xﬂn {1:":]

International Journal of Engineering and Applied Sciences (IJEAS)

iwhere v € Dy, @D, ®D,

swhere v e Dy, ®D, @0,

iwhere v € Dy, @D, ®D,

swhere v € D@D, @D,

iwhere v e D@D, @D,

rwhere v € Dy @D, @0,

iwhere v e D@D, &D,

swhere v € Dy, @D, @D,

swhere v e Dy, @D, &0,

swhere v € D, @D, @D,

swhere v € D, @D, &0,

rwhere v € Dy, @D, @0,

swhere v € D, @D, &0,

swhere v e D, @®D; @D,

iwhere v € Dy, @D, @D,
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. Zgzjyz;;iszz;ijx(v] — %Zgzyzglzﬂuxﬂ:fj[v] :where v € Dy, ®D, @D,
. Z;ijyzfxznx(v] — L—;z“yznzznxa;f{v] :where v € D, ®D, @D,
. Zgijyz;;fxziijx(v] — izgzyzg,_zzuxﬂ;f(v] :where v € D,; @D, @D,
. Z;iij;iij:;i:‘x{v] — z“yznzznxa;f (ar) iwhere v € D, @D, @D,

* z;riijyz:rfxzux(’l?] — _?Zzazyzslzznxﬂz[f () ;where v € D;; ®D, ®D;

. Z;ijyﬂéf'xzéijx(v] — izuyznzznxaf{v] rwhere v € D,; @D, ®D,
. Z;ijyz.ifx_z;ijx(v] — l;z“yzﬂzznxa;f'{v] rwhere v € D, @0, @D,
. Z;ijyz;;iszz;fx{v] — i;zgzyznzzuxaf (v) ;where v € Dy; ®D, ®D,

[z
. z“yz“yzz'i' xl1) —

a iwhere v e D@D, @D,

-z“yz“yz;-fx{v] —

a iwhere v € Dy @D, @D,

y Zazyzazfz;fx{v] == j__lnzaz}’zalzznxaﬂjiﬂ iwhere v € D), ®D; @D,

. z“yz“yzfx(v] — — ﬁz“yzﬂzznxa;f{v] rwhere v € D, ®D,®D,

. Z“yzgzyz:fx(v] —— ﬁzgzyﬂ'glzznxﬂéf{v] rwhere v € Dy, @D, @D,
(3 (4

» 253 yEg; ¥Eayx(v) = T Eayy T 22y, x0) 8y () —

1 T
;3;2}'3;13321-‘73:'1_' B2 ()

iwhere v € Dy, @D, @D,

0 233 vy} 123y x(0) v 223y 7522, %08y 8, () swhere v € Dy ®D, ®D,

2 (4 (23 k]
» 253 yEy; x5, ¥(W) s = BayyZay 28y x0y; By W) —

z
;z“yzglzzuxa;fj B3z (v)

iwhere v € Dy, @D, @10,

(&)
Eggjfz:;?xznx{v] —

where v e D@D, &D,

(a3

L yzéisz:gijx(v] — —?E.'gzyzglzznxﬂ';f 8y, (v) swhere v e D @D,@D,

(2 (4 (2 (2
« 2, yI, xL,e x(v) = —%z“yzﬂzzuxaz'f B, () —

10 (5]
;352}'3;13321-’55:1 3;:!':"?]

iwhere v € Dy, @D, @D,

(a3

7

0 233 vy 123y x(0) v = ZyyZay 2zl xby; 8, () swhere v € Dy ®Dy @D,

(20 (&)

¢ 23y VEg; 12y x(0) o = ayyZagzZyyxdyy 0 (W) iwhere v € Dyy @D, ®Dq

(a3 [z

v 2, yz;'f’xzu x(y) — l—z.zgzyznzzuxaf 8oy (v)  swhere v € Dy @D, @D,

] (4
*Zgp ¥igy

{22

(& (2
* ZayVZqs ¥E,5 x(¥) —fzgzyzﬂzzﬂxaz'f' 8y, (v) iwhere v € Dy, ®D, ®D,

(z)

(=] ]
* ZaayZyy 25y x(v) = = ZpyZy 20, %0, 8y, (6)  :where v € Dy ®D; ®D,
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()

z“yzg'i'yz;?x(v] —

] swhere v € Dy, @D, @D,
() .

z“yzg'i'yz;-?x(v] —

] swhere v € D, @D, 80,

(D 6.1
* Lgg¥ig; Vig,

xlw) — —iz“yznzzuxaf 8y, (v) i where v € D, ®D, ®D,
. Z;ijyznyz.:;fx(v] — —iz“yznzznxa;fja“ (v) :where v e D,, @D, @D,
-zgijyz“yz;-?x{v] — ﬁzgzyﬁgizznxﬂ;fjﬂ” () —
iz“yzglzzuxa;fj 8y (v)

swhere v € Dy, @D, @D,
.Z;ijyzgzyz,:;?x{v] — ﬁz“yzﬂzznxa;fjaﬂ{v] +
ﬁzazyznzznxﬂz[f By, (v)

swhere v € D, @D, @D,
-Z;ijyzgzyzz[ijx(v] — ﬁzgzyﬂgizznxﬂ;fﬂ”(v] +
ﬁzaz}’znzznxﬂz[f 8z, ()

swhere v e D, @D, &0,

Egijfzaﬁg:rifjx{ﬂ —0 twhere v €
Du @DD @DD

* Z33¥Z 23V Z gy (v} —

0 iwhere v € D@D, @D,

()
Egzyzglzzéi'x{v] —

~ Z0yZ5i 250 x0, ) rwhere v € D,@D, @D,
. Zgzyzg,_zz.iijx{v] — iZ;Eyananﬂ;'fj () rwhere v € D, @D, &0,
. Z“_',;Zg,_zz.ifx(v] — l—lnznyzg,_zzuxﬂ;fj () rwhere v € Dy, @D, ®D,

E.'gzyzgj_zz;ijx{v] —
a swhere v e D, @D, @D,

Egzyzglzz:rgijx{v] —
a swhere v € D, @D, ®D,

* z;?}'zalzz;ijx(ﬂ = j—E:ZgzyEglzznxﬂ‘ﬂﬂ'“ ) +
?Egzyzg,_zzuxﬂ‘g,_(v]

rwhere v € D@D ®D,
¢ 23y VEsu2Zy x(0) v 2ZyyyZa 27,0, 8, (W) where v € Dy ®D, ®D,
. Z;ijyzglzzéfx(v] — iz“yzﬂzznxaﬂja“ (v) ;whereve D, ®D,®D,
-Z;ijyzgizﬂfx(v] — iz“yznzznxa;fjan(v] +
5_1[,352}’3;1332115:[1)3;2(1?]

iwhere v € Dy, @D, @10,
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*Eiijyznzzfx{v] = 1_23!:}’32133:1.)53:':?321':1*"] +

1 r
EZE:}’EELZZn-’-'ﬂ:'iJ32:{1?]

iwhere v € D, @D, @D,

E;ij_}-‘zglzzé?x{v] —
a where v e D, @D,BD,

E!:}’zzz.‘}’zglz{ﬂ —

0 swhere v € D@D.®D0,

Again we can show that #; which defined above satisfies the condition (3.3) ,and we chose one of them as an example

* (Opya, + 525335*:]{EE:J’ZE:J’ZE)X{V]]

Dy, @D, @D,

r.r:{23;?}'3;?_1'(1:]]—0:{E!:}-'Z.'_.:?.rﬂ!: ()]} —
4] )

a:{Z’!:}-'Z:JTxBH{v]] + ﬂ:':zzz}’zzz}’azlih ()]

 where v €

2 (2o 2 (4] 1 [ I3 1 [ B 3
= EE!:}’Z:L xd,y Ba; (v ——E-,-}-'Zgj_zﬂzf“ (v) _EZ!:J’Zn x0,, O (1) —EZE:}-‘EH xdy, By (v

532

1 (z 2 2 (4]
] _Ezﬂ_i‘}’zz;fﬂu 8, (v) P EES LN () —
1o Saa¥ iy x0y 02 (V)
and

1]
{'EAM: + 02045, = ,__t\zzz}’zzlzzn-rﬂ:'f ()

(22 (3]

1 (23 o f 1 (22 (2]
= oy ([ EyyxZyyx8y; 8y W)) — - ZgyZyy x85,8,; () +

1 (2) (1
ﬂ:{ﬁzzz}’zzz}’ﬂu dy, (w)) -

4 (4
EZE:}’ana:i ()

Ea) ) Ea) 13
—ﬁzu}-‘z.:';_'xﬂ':'j'_' 82 (v) — = ZayyZ;; %8y, 83y (v) —
E!:}rznzﬂ;f ()

| k3

So from all we have done above we have the complex
0—s Ay —2 A, —2 A, — Ay
(3.4)
Where 8; defined by:
o 3 {zzlx{lﬂ } = 8y ()
* {32:}’{1?:'} = &y (v)
&; {sz:J’ziijx':“:]:] = %Z;lxﬂzlﬂ!: () +
o Za1xdy (v) — EE:J’B:I'E:I (w)

&; {,Z!:}-Zglz{u]:l = %Z!:_‘}’B!: IE":1.':1'":] -
o Z:i-"ﬂzl::j (w) - z!:)’ﬂ;:ﬂ ()

finally, we defined the map 0 by :

d ]
B (Za3VZ3y2Z5,x(w)) = ZayyZ 7 x8; () +
Ly yZyy 28y ()

proposition 4
The complex

3 . 3
0— Ay —2 Ay —3 Ay — Ay — Kig 50 F is exact .

Proof: see [1] and [3] .
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