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Application of the resolution of the characteristic-free
resolution of Weyl module to Lascoux resolution in
case (6,6,3)

Haytham R. Hassan, Mays M. Mohammed

Abstract— In this paper we study the relation between the
resolution of Weyl module K¢ = F in characteristic-free mode

and in the Lascoux mode (characteristic zero), more precisely
we obtain the Lascoux resolution of &g g2 F in characteristic

zero as an application of the resolution of KggzF in
characteristic-free.

Index Terms— Resolution, weyl module, Lascoux module,
divided power, characteristic-free.

I. INTRODUCTION

Let R be commutative ring with 1 and F be free
R-module by o,,F we mean the divided power of degree n. we
used the resolution of the three-rowed skew-shape
(p+1ty +tng+t.7) (t,+1 8,07 ,and in our case
t, =ty = 0, namely , the shape represented by the diagram

In [7], the description of the characteristic zero skeleton by
Lascoux in the resolution of skew-shapes. Practically the
terms of Lascoux resolution can be recovered with in the
formula offered in [3] and [8]. Furthermore in [1], by using
letter-place methods and place polarization in a symmetric
way we get the application of the results mentioned above.
For the corresponding Weyl module to the partition
4 = (2,2,2) the relation between resolution of &2 ; ,(F) in the
characteristic-free module and in the Lascoux mode
(characteristic zero) are studied. By this comparison, the
characteristic-free boundary maps are modified to obtain the
obvious maps of the Lascoux case. One of the generalization
of the techniques used in [2] for the partition 1=(3,3,3) by
Hatham R. Hassan.

In section two, we review the terms of characteristic-free
resolution of Weyl module in the case of the partition (6,6,3).

In section three we apply this resolution to the Lascoux
resolution in the same case by using the way in [1] and [2]
with capelli identities [3].
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Il.  CHARACTERISTIC-FREE RESOLUTION OF THE PARTITION
(6,6,3)

We will use the terms of the resolution for three —rowed
partition (p,q,r) to discuss our research.
The terms of the resolution are:
Res ([p,9;0])® B. &L ZL v Res ([p,g+1+1;1+1])
Res @ L., & E!._z:-_!:a!._ E;::-]:- FE;:;-]:‘E
([p+i.+1,g+0+1, L — L) & Doy apey
In particular, if we consider the case when p=q=6, r=2
from above we get
Res([6,6,0])® D: B Lp 2y
Res([6,6+1+1;1+1])@ D,eyoy BT, wper 205 Tpzi 2
Res([6+1:+1,6+1:+1,1; — L]) & Dayp, oy, oy
(3.1.1)
So
Res([6,6+1+1;1+1])® Doeyoy T2y
=z,.vRes([6,7;1])® b: & 2y Res([6,8;2])® D. & 27y
Res([6,9;3])& b
and
Ny E,_:}EJ g
Res([6+1,+1,6+1:+1;1; — L]) & Daepy, 1y,
= Z..vZ.z Res([7,7,0])® D, 2%y ..z Res([7,8;1])& D,
Where Zz;¥ is the bar complex

B
0 —Zga¥y—— 32— 0

(2}

is the bar complex Z;;'¥

J —0
; e
is the bar complex Z;'¥
()
233 ¥Zag)
3, 3, a.
A s I s
2 ¥~ 2 —0 0= ZInyigyiny— @
2
Z3VIgr'y

and Z3; = is the bar complex

0 —}Zglzi}zn—} 0
Where x, y and z stand for the separator variables, and the
boundary map is &, + &, + & .

Let again Bar(M,A;S) be the free bar module on the set
S={x,y,z} consisting of three separators x, y and z, where A is
the free associative (non-commutative) algebra generated by
Z4,,Z3, and Z4, and their divided powers with the following
relation:

and Z";'::'z':i':' — Z':E'jzicjzl:ff'zl:a:' — z':i'jz':fj

11 =31 21 <21 =321 “31 21 ~32
and the module M is the direct sum of tensor products of
divided power module Dz @& Dz & Dz for suitable £ 7, and
E; with the action of Z,,,Z,; and Z,, and their divided powers

Now, from all of the above, we can explicitly describe the

terms of the characteristic-free resolution (3.1.1), which are as
follows:
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o In dimension zero (M) we have I; & Dy & Dq
o In dimension one (M;) we have

° _z;ff'xn,-,,,i, @ Dyg_p @ Dy with
Zé?}'-ﬂﬁ@' Derp @ D3 .

o In dimension two (M;) we have the sum of the following

terms:
(B = (B

° Iyt P alsp @ Doy @ Dy ;
|b| = bj_+ b: = 2,3,4,5,6.
] Zz:}'zé?xﬂmi:@' D;_p @ Dy

(2

ral)
® I VI xlp p @ Dy p & Dy

b=1,2,3,456 and

with

; with b=2,3,4,5,6,7.
; with b=3,4,5,6,7,8.

'zé?ﬂ}’z_é?ﬂ}’ﬂaﬁ'ﬂﬁ+|b| @Dz 5 Withb=23.
© ZvZlxDe,; ® Doy @ Dy ; With b=4,5,6,7,8,9.
0 772D @Dy @Dy with b=1,2.

o In dimension three () we have the sum of the following
terms:

i zéiﬂﬂéiﬂﬂéiﬂxﬂﬁﬂm # D g B D ;. with
|bl = by + by +5;=3,4,56.

g zzz}féfﬂﬂéfﬂxﬂsﬂm @ Do & Dy . with
bl = b, + b=3,45,6,7.

i ZEEJ}'zéiﬂxzéfﬂxﬂﬁﬂm # Dg_p & Dy 1 with

bl = b, + b,=4,5,6,7.8.
® Z3yZ3y 24, %Dy, p® Dg_p ® Dy

C ¥,

; with b=3,4,5,6,7,8.
. with

; with b=4,5,6,7,8,9.

(2], (5

® ZoaVEgy ¥ :!_'I-Ds.g.i;-@ Dy_p@ g ; with b=4,5,6,7,8,9.
° ZE:}rZﬂzZé?xD?”.@ D p&@Dy . with
b=1,2,3,4,5,6,7.
o ZyZ22Z]xD;,; ®Dgp ® Dy ;. with
b=2,3,4,5,6,7,8

® Iy Vig¥ignzD; B D@0,

o In dimension four () we have the sum of the following
terms: ) )

o z[Pxz [Pz Pz Map, 0 @ D1 @ Dy ; with
Bl = by + b+ by + b,=4,5,6.

o ZyyziiezBdez By @Dy @D, ; with
Bl = b, + b, +b;=4,5,6,7and b, = 2.

o z{Byz Bz By 7 Bdyp o @ De_p @Dy ; with
|bl=b,+b,+byand b, = 3.

o ZyyZavZixzBdap, o @Dy @D, : with
|bl=b,+5b,=45,6,78and b, = 3.

o z[Byz Bz By 7 Bdyp b @ Do @Dy ; with
|bl =by+b;+5;=6,7,89and by = 4.
 Zap¥Za;¥Za;yZi %05y ® Doy @ Dy ; with
b=4,5,6,7,8,9.

o ziByzyz Bz ®ep, . ® Doy @D, ; with
|b] = b, + b,=5,6,7,8,9 and b, = 4.

o ZoyZ iR yZixZ i xDg. 15 ® Do) ® Do ; with
|b| = b, + b,=5,6,7,8,9 and b, = 4.

® 23975022005z xp 0 @Dy ® Dy : with
b] = by + =2,3,4,5,6,7.

o z0yz, 22z Bxp L @Dy ® Dy ; with
bl = by + b;=3,4,5,6,7,8 and b, = 2.

® ZayyZagyZaysZiy xDs.p ® Doy @ Dy ; with

b=2,3,4,5,6,7,8.
o In dimension five (Mz) we have the sum of the following
terms:
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= (B0 (B

® 241z P25 X2 X2 1Dg 1 @ Dg 5y @ Dz ; With

bl =b,+ by +by +by +b=5,6.

® ZopV Iy aZ Pz az (VD 1y @ D;_ iy ® Dy with

bl =by+ by +by+5,=56,7and b, = 2.

° =2} r,[i}',:l P T O e . D D D . ith
Lo ¥Igy xigy x gy vl M aDg 1y @ De_jp @Dy S WI

bl =b,+ b, +by+5,=6,7,8and b, = 3.
® ZoyZyZ ez Pxz B, @Dy @D, with

Bl = by + by +b;=5,6,7,8 and b, = 3.
® Z.3 VI3 REy PRI AT xDgu @ Doy @Dy 5 With

bl =by+ b, +by+5,=7,89and b, = 4.

i Z!:}’Zz:}’Z!:}’Zéiﬂﬂéiﬂxﬂmlbl & Dy p 29 Dy ; with
|bl =k, +5~56,789and b, = 4.
o z0yz yzl My Mep, 0 @ Doy @D, with

|b] = by + by +b5=6,7,8,9 and b, = 4.

[2) (B (B N . i
® Iy VI VLRI AZ P aD 5 @ Doy ®Dy  ; With

bl =b,+ b, +b;=6,7,89and b, = 4.

® ZyyZy, 2z Py z Pz Bdyp o @D,y ® D, : with

|bl =b,+ b, +5,=3,45,6,7.

° (20, = = (B, = (B2 (B2 I D, D . ith
Ly YEqELgy X2y X257 xD7 1p) @ Do @ Dy ;Wi

bl = by + by +5,=4567,8and b, = 2.

© I3;VZ33VZay 225 %250 %D, 5 ® D1 ® Dy ; with

|b] = b, + b;=4,5,6,7,8and b, = 2.

o In dimension six (M;) we have the sum of the following
terms:

o z!:}'zéiﬂngiﬂxzéiﬂxzéEﬂﬂéiﬂxﬂwII:II @0 @ D
with [b] = by + by + by + b, + b;=6,7 and b, = 2.

oz vz Pz a2 Pz Oz (P aDg 1y @ Doy B Dy
with |bl = b, + b+ by + b, +b:=7,8and b, = 3.

® ZygyZygy 2T P2 P02 0Dy @ Do @ Dy
with || = b, + b+ b3 +5,=6,7.8and b, = 3.

o z3yz Pz a2 Pz Oz (P aDg 1y @ Doy B Do
with [B] = b, + b;+b; + by + ;=89 and b, = 4.

i 32:}’32:}’32:}'zéiﬂﬂéiﬂﬂéi’jxﬂﬁﬂm @ Dg_jp & Dy ; with
bl =b,+ b, +b;=6,7,89and b, = 4.

o 2yZyyz Pzl ez 0aDs 1y @ Doy @ Dy
with |l = b, + b, +b;+5,=7,89and b, = 4.

° 32:}'35?}"3;Eﬂxzéiﬂﬂéiﬂﬂéiﬂxﬂmlal'E' Dojg @Dy
with |l = b, + b, +b;+5,=7,89and b, = 4.

i zz:}’zzlzzgiﬂngiﬂﬂéEﬂﬂéiﬂxﬂ?ﬂbl @ Drjp @ Dy ,
with [b] = by + by + by + b,=4,5,67.

o 20yzy 22z Pz 0z D, 1 @ Doy R Dy
with [b] = b, + b;+ by +b,=5,67,8 and b, = 2.

o z!:}’zzz}’zzlzzéiﬂﬂéiﬂﬂéEﬂxﬂnlbl @ De_jp @ Dp ;
with [b] = b, + b, + by +b,=4,5,67,8 and b, = 2.

o In dimension seven (M) we have the sum of the following
terms:

® ZayVZ L3 X2y XZ XZ gy X2y X2 3Dy ® Dy ® D,
133y XEgy XEpy x4, & Dy & Dy

°
(B (B (B (B (B

Z3qVZagVEpy W %I W aE Va2 M xZ 3 ¥ %D 4 p) ® Doy @ Dy
swith B = by + b+ by + by +B:=7,8and b, = 3.

(3], (4]
® I3 'VI XE5y XE 5y XD 5y %75, xZ5, 3Dy () Dy @ Dy

il il il 7 (B o (B2 o (B (B N _
® IggVIggWIggWZgyt Ty v xZ M aDg ) @ Doy @ Dy

[ ]
2y ZayZ i xz [Pz [Pz [¥aZ [P xDg 1) ® Do) @ Dy

swith [Bl = by + b+ by + b, +5-=89and b, = 4.
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S - TR P R . N Y iy . 1%
}L:L .‘('.L.-.l .‘(’L..l xs ..14'.'1’;,..1 IDB+|5I|'E' D;, |r;||'E' DD
|=by+by+by+by +b:=89and b, = 4.

® Zy,¥ZyzZt ‘lefﬂxz'f Iz Bz Bdep @ Dy ®D,
ywith [B] = b, + by + by + by +5:=5,6,7.

[ ]

[y [y T, N, T, Y . Py o .
Z.,.. Lz,.,,_zz.l’-xz..l .‘(’7.1 .'1’7..14‘.‘(’?..1 I’D_—.+|E.|IEI DB—IE‘I IEIDD

ywith [B] = by + b, + by + b, +bs=6,7,8 and b, = 2.
[ ] 4,-;-1.’4,-;-1.’4,-;124.1::'.‘(’2'ﬂ‘:l.‘('z.l.a \lIZ.I.EﬂID_—.HH (= DB—IE:'I (= DL‘
ywith [b] = by + b+ b5 + 5,=5,6,7,8 and b, = 2.
o In dimension eight (*;) we have the sum of the following
terms:
® Z3pVZagyZi %y %2000y x5 % 75,04 @ Dy @ Dy
7|ﬂ"‘| T||!:'4'_‘|1_7|

(B =B
Loy L.‘I’z 31 L& X IDE+|E|'E' D‘;, |r;||'E'

swith [B] = by + b+ by + b, +5:=8,9and b, = 4.

° Z.',:~'1.z,-,-Lré.'.f':m-lx.»,-lx.»,-lxmlx.»,nlxﬂm@ Dy @Dy

° L-,-1.'&.,:\'1.z.'.f':rb-i:rmi:rmi:r.f,-i:rmi:rﬂis131 Dy & Dy

eI Vi, ,Jdbxsz.abxg:bx.ab xD-_L, @D, B0,
Wlth|b| =b,+b,+bs+b, +b +b5 67

eI }4 ,szx.abxszg:bIZ;j xD-_;,[E]DFb[EID:.

Wlthlbl =h, +b 2+ by +by +b, +b5 78and b, = 2.
® I ¥E Vi, ,J;: xZ;:"xd Eal XZ] 2al ‘xZ al XDy ) Dy B Dy
; with |B] = b1+ by+by+b, +b5 6,7,8 and b, = 2.
o In dimension nine (M;) we have the sum of the following
terms:

(4]
Z !:1-.{.”'-1_Iﬁﬂixbﬂixbﬂixbﬂixbﬂixﬂls|E| DDEDD

° Z.',f'v.»,.,lzZ.'.l\':ré..l:rml:rmlzm-lxml:rml:rﬂls & Dy @0y
0.4“_1.4,,_1.‘:,,54“ :x‘:”- x.an x.au*’ x.an - x.D__ y D ED,
ywith [B] = by + b+ by + b, +b5+b5=7,8 and b, = 2.

o In dimension ten (M,;) we have the sum of the following
terms:

® I ¥EPI L

oy ¥E Iy x Iy ¥ E ¥ Z X2 x D0, B Dy B Dy

I1l. LASCOUX RESOLUTION OF THE PARTITION (6,6,3)

The Lascoux resolution of the Weyl module associated to
the partition (6,6,3) looks like this

020,80, o.Eo0,&D,
= — = —D0,&0,80,—00—D0, 80, &0, —
0. &0.&0, o,ED0.&0,

where the position of the terms of the complex determined by
the length of the permutations to which they corresponds. The
correspondence between the terms of the resolution above
and permutations is as follows
D.F @ D.F & Dy F « identity
D.F @ D-F @Dy F s (12)
D.F @ D.F @ D.F s (23)
DeF @ D,F @ DgF +— (123)
D,F @ D;F ®D;F «+(132)

Now, the terms can be presented as below, following
Buchsbaum method [1].

M, = 4,
M, =4, @B,
M,=A,® B,
M;= 4,0 B,

; for j=4,5,6,7,8,9,10.M; = B;
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Where the 4, are the sums of the lascoux terms, and the B, are
the sums of the others.
Now, we define the map =, from B, to 4, as follows

. L.'l 2(v) 22 xdy(v)  ; where

v € D @Dy @ Ds

° 4,1\'1{1, | — ,Jz,-l:rﬁ'..l () ; where veD;&D;® Dy

o z¥3w) :z.lxa.l () ; where vED,, ®D;® D

o 2wy — ;‘Z-lxﬁ'.'.f'[L ) ; where veDy, ®D, @D,

o ziPx(v)—ZZ,x87 (v) ; where vEDy ®D® D,

o Zy(v)— SZaydy(v) ; Where vED; @D @ D;
o Zy(w)— ZavBF(v) ; where vED,®Ds® Dy

We should point out that the map =, satisfies the identity:

G4,4,71 = Og,5, (3.1)

AILAD: By

ANV

By

Where by &,, .4, we mean the component of the boundary of
the fat complex which conveys 4, to 4.

We will use notation &, .. ds,, 5 etc. Then we can define
Bpidy = Adpasdy =dg4 .

It is easy to show that &, which we defined above satisfies the
condition (3.1), for example:

':':H'A._A; 0 :r,] fznx'.,}} =8;.a, (EZ

"

20 =3 (896)) = 806) =8y, (20500
At this point we are in position to define
fyidy— Ay by 8y =0, 4, + 610, 5,
Proposition(3.1): The composition 8, « &, = 0
Proof:[1],[2]
Bpody(ml =G, 4 =0y (M) +0y008, 5 (m))

= B4,8,° Oa,0,(M) + 8y 4 v 0y =0y 5 (M)
But d, 4 =9 =dz 5 . Then we get
By o dalm) = Gy g o 8q 4 (M) +35 5 0dy s (M)
Which equal to zero, because of the properties of the
boundary map & [1] , so we get that &,8; = 0.0
Now, we have to define a map o.: 5, = 4,
Such that
bpa, + 0y o5 = (044, + 015045 )00 (3.2)

We define this map as follows:
(2}

° I .TLHIII:'L j— 0 ; where wvED;®D;® D,
° Z-j_:rz,..j_ () — 0 7 where vED;®D;E Dy
o Z 0%z, x(r)— 0 . where veED,,®D,® D,
° Z.'.;_ﬁxz.'.;_ﬁx{ﬂ — 0 7 where veED,,®D;® D,
° -’3-11&-1 () — 0 i where vED,®D,; D,
° Z.I.fl.t'z_,nli'l::'l. j— 0 ; where veD,, @D &D,
o zxzP =0 ; Where veED;, @D @D,
oz .t‘Z.'.l\'.‘(‘{L j+— 0 ; where veD,,®D ®D;
o ZyxZ Pty =0 ; where veD,®D D,
o ZPxz, (1) =0 . where veED,®D,® D,
o zWazByiy s 0 , Wwhere veED,;®D,® D,
o ZxzPxiy =0 ; where

v € Dyy B Dy & Dy

www.ijeas.org
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= [2), = (4]

o I xI Ma(r)—10 ; Wwhere veED,,®D;®D,
szlf‘x[r. — 0 , where veD;®D;®D;

1
® I vI; D)t .»,-,-1..»,..1_ Jxdy, (v) 5 where
vED,®D, ® D,

P! .
o I yIitx(r)— -2 228 5 where
v E Dy R D5 ® D,
o 7 -5 - - T s T 4] “wh

ZgoVIx(v) v — I vExd (v where
veDy, @D, ® D,

P = &) . - —(2), 4] . h

z.,!:}’z.,:j_ II:'L__I [l ""!:}‘)"":L E.' , wnere

rEDL, @D, @D,

7, vl .
o ZovZilx(r) e =Zavzilxall vy where
v €Dy D, ® D,

T 1 ~[Z] i =2}

® I vES (v w 5&-,-1.»,,:1-:::&-,_&.,-[1, |+ 2 E3a VI xd (V)
I ; Where vE D@ 5:5 @ ?1 . .
® Iyl e 1:.3!:1,2,'.;_,1:5" O22(v) + 5 Zag V255 %03 (Y)
ywhere ve D, @D, ® Dy
°

z 1 7). a0z 1., 2

ZEyz () » Da,.lelﬁxﬂll\'ﬂqlh ) —:Z Z32VZ %8l (1)
;where ve Dy, ® Dy ® 91

B Ty B +(Z).. g3 i 5

Rt __rz_,él'xili'l:'l - 50""’"1'r""l"-xal 185, (1) —=Za 22,2055 (1)
;where ve Dy, D, & D,
°

A . 1 (2 i . 1.

zEyzl(r) Eégz}uéf:ﬂﬂﬁ'ﬂn[w —=ZgvZ 212050 (1)
. '\Q/here v 'f D, 'E'D%'E';”L
[Z | - s .

® I VIp x(v) e ZygVIzixdy J8.,(1) ; where

vED o o

NN E:'_-ﬁ 0 @ Ds 1

® I VEq x(v) e .»,-,-vz,..,_xﬁ'..l )
€3] - .
Zg3428;,785,(v) where
v E Dn 'E' 94 = DD
02‘ '_1.'2‘ T (e H—.a,,}"‘ 'xl':?‘ 'E':‘ Jden ——4,,35 ,:E T a2 ;
where v e D, @D, & DD
(3 0B -
o VI, x(v) QD.»,.,-L.»,..I_ EJ..,_ E-'.,l 1

1. (4 r - - =] .
TS "’"1 Iﬁ'.,.. Iﬁ' I:'L | — E j.z,!,_zﬂgnﬂ.j_ I:I- ’

where v e Dy, @Dy & Dy

1. (7 ]
° Z.',i VZyy w () = m"""."""l xﬁ'.'.i Byq by (1)

L. 3] Lo oz ] .
+'_n‘°"*}‘°"1- EY Ry EJ.,,_ (v) — 57 Z22¥Z31283,8, (v) 5 where
v € D13 ®D; ® Dy

S¥EI] I:hxl:: l—-—z,,}z xﬁ‘ E: e —izu}ﬁ,,:ﬁ;:’ﬁ',,(u} ;
Where vED, B0, B0,
; where v € Dyg @ Dy @ Dy
° ’.',..\'1.' ; -x{rfl P —ZaVZ zi5xal28l (1)
[ Yt ,Where1:EDE,E-D,;!EnD1
ozg:, 3 ; where v € D, (0 D, (2 D
7.:\' -
° Iy }mn}'{vl =0 ;where v eD; @D, @ Dy
7 1
o I yIyz(v)es > 223V Z312035 (V) ; Where

VED @D ® D,
It easy to show that o, which is defined above satisfies the
condition (3.2), for example we chose one of them

o054, — 0ul55 ) ( VI x(w l] ;where v €D, @D, @ D,
= (Zéf_:'xﬂ!:[r]\] + 0y (.»,..1 8y, (17) ] — ZagydlP ()

1 (2] - 1
= EZ:lxa::'L-a!:{rJ +Ef.-:1.':(:a:1 a!j_{l-_,l - /.-!:} ﬁ':l |::'|:_,|

60

1 AP
=E.anﬁ'!:ﬂéi'[1:,l—5 X0 83y (V) + ml:cﬂ- day (11—
32:}’5';?[1::'

L AP v oal@e

= E.Z:ixﬂ!:ﬂéi- |:'|.:'__| +_E\ z..:j_;tiﬂn ﬂ!ﬂ:'l:_] —.{_p!:}rﬂ::: |:'|:__|
and

. . 1 (2 3
(4.0, — 01845 ) (532:}’ Zél'xﬁ':l'if,'f]

103 P - (2
= 0y (3255 2035054 (V) + 2 23028300, (V) — Iy w8, (1)
1 v 1 R (@
= 2 g Xy O3 833 (V) + S 2320859 0y (V) — Zggy (1)
1., v 1. - .
= T80y 854 (V) — 2 Z3y%8,, 83, (V) + 2258, 85, (v) —

(3, -
Zy :}’aél' ()

= Eanxﬂq-ﬂ.l () +— .»,-,_xﬂ-.,_ﬂ.,,_[t | — .»,.,-vﬂ.l ()

Proposition(3.2): we have exactness at 4;

Proof: see[1] and [2].

Now by using &, we can also define

Oytdy — A by By =04 4 + 0200,y 5
Proposition(3.3): @3 d3 =0

Proof: The same way used in proposition (3.1). O
We need to define g;: 5; — 4, which satisfying

bga, + 020055 = (044 + 020045 ) °0; (3.3)
As follows

® . VIpxIyx(v)—0 ; where wveED;®D;E D,

o ZixZyxZyx(¥)—0 ;  where wveD,,®D,® D

° zn:cb.'.lx'm-,_x[L j—0 ;  where veED, @D, D,

o I;xZyxZiTx(r)— 0 ; where ve Dyp @D, & D0,

o Zl7xZyxZyx(¥) — 0 ; where veED,, @D, ® D,

o ZiPxzxzy x(v)— 0; where veD, ®D, ®D,

o Z\7xZyxzPx(r)— 0; where veD,, @D, ®D,

o ZxZlxzPx(r)— 0; where veD, @D, ®D,

o znlei",mnlm )—0; where veD, @D, @D,

o Z,xZ;xZl x(r) — 0 ; where veEDy, @D @D,

o ZlPxZyxZyx(¥)— 0 ; where  vED,, ®D,® Ds

o ZlPxzlxz  x(v)— 0 ; where  veED,, ®D,® D,

o I xZyxZPx(v)— 0 ; where  vED,, ®D,® D,

o ZiPxzlxz  x(v)— 0 ; where v ED,; @D, ® D,

. z;;"le*“'z;zlfxg )— 0 ; where vED,®D,® D,

° Zéi d_.‘(:z.,..j_ Yx(v) — 0 ; Where vE D@Dy @E Dy

o ZyxZ xZx(r)— 0 where vE D, ® D0, ® D,

o Z,xZ;xZix(r) — 0 ; where veE D, @D, @ D0,

o ZoxZxzlP () —0 ; where vE Dy, @Dy ® Dy

o Z,xZxzx(r)— 0; where v € Dy & Dy Dy

o ZivZllxZo x(v)— 0 ; where veD,®D,® D,

. Z!:;Zéi:'xzux[ru — 0 ; where vE Dy &D; @ D,

o IyvEIi xZx(v) —0 ;where vED,,®D;® D,

o I vZIlPxz, Lx{ru — 0 ; where veD,, ®D,® D,

o Zywzliazl 'x[L )+—0;where veED,®D,® D,

o ZyvZilxzPx(v) — 0 ;where veD,, ®D,® D,

. z!:yz;f'xz-ixu )— 0 ;where vED,,®D, @D,

o ZyvZixzPx(r) — 0 ; where veD,, ®D, ® D,

o Iy VIS xZix(v)—0 ; where veE D, ®D,® D,

o ZyvZilxzPx(r) — 0 ; where veD,,®D,®D,

o ZiVZLxZo x(v)— 0 ; where vE Dy, ®D,® D,

o ZyvZilxzPx(r) — 0 ; where ve D, ®D, ® D,
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S O -
o ZyvEixZx(v) —0; where veE D, ®D,® D,
o o (Bl (4]
o ZvZiixzPx(r) — 0 ; where v€D,; @D, ® D,
o o (T (B
o ZovZixzPx(r) — 0 ; where veD,, ®D,® D,
(2, (2]
o Zyz'xZx(v) — 0 ; where veD,,®D,® D,
(23 X (2,
° I }é-l-i-"-’*"i-"'i‘:"—’ ( 22¥Em .»,:,_:cﬂ;':'l:r,l] where
vED;; @D @Dy
e O - P o e (e -0 .
® I VI aIa(r) = ( 22V Ia02Z %8, (V)] where
vED, @D @Dy
5]
® I3 VI xIynx(v)—0 ; where veD,®D,®D,
° Z;?'Lz,.'.';'_\'xa.'.l\'x{r| HL(’!:} z.»,-j_xﬂ"ﬁ{rl] . where
vED,®D, @D,
o zByzRazFaw) =3 (ZayZaizZu 20 (v)) 5 where
vED;; ®D; ® Dy
(3. 6]
o zvzllxzy x(v) — 0 ; where veED,.®D,®D,
5 O B
o ZyzFazPx(v) —0 ; where veD,®D, @D,
2, 4 e
o Z0yzBzyin) = 2ZyVZy2Zyxdiy (V) where
vED @D @Dy .
e .
o ZvZaziPav) — 2Z3vZ03Z,0x00(v) ;) where
VE o o
,.ﬁ Tl'ﬂliEl p 1, o o (6] ro o
® I WI i xIyx(v) e —-ZgvIgzIyxdi (v) ;  Where
VEDL, @Dy B Dy
o (DBl (T ¢ R h
I3y VI xZyya(v) v — S ZgpVEqyzigxZz(v) . Where
vED,,®D, @D,
o ZByzBlaz Py s Z9Z5,27,,2280 () where
€0, @205,
o ZivzlxziPx(v) —0 ; where veD,,®D,®D,
(T B (5]
o Zi'yZaZ;%(v) =0 ; where v e Dy, @Dy ® D
' L
° z;g‘\}rzﬁ‘lxznx HE(Z! VE z‘»,-,_xﬂ..j_ g,y (1 l] ;. Where
VED;; @D @Dy
°
Bz lxz x(v) —
iz NE 5 Z x8 &”l" ——.4 ,_1.'.4.,.‘.4,,1'3 '8, (2
; where veD,, @D @ D,
Cem e e i )
® ¥l ;‘:"IA;::"II__L‘]I'—?; :G!!}“d!:IE"GE:IIEEJ"E::II-\.‘”‘}} y Where
vED, B0, ®D,
°
Zz }'Zg",:xzux': ) —
—i _‘E:z}‘Z::EZHI 1;-.u:'} i[ 12 ¥E 1. 5. Hxﬁ,zﬁzf__”:l}
; where v e Dz @D, & Dy
°
2z yzlxz P x(w) —
ifz ¥E 1235 1o X0 E‘.,Lu}}——m,}d.,.“a,,xﬁ‘ Y8 (1)
; where v € Dy, @D, & Dy
°
2Dz Dx(s) —
—§|:2 1¥E, :“G::xa a":l:I_EI:EZI}.'ZZIEEIII&;:"E!E}
;where v € Do &0 Dy & Dy
°
Z‘i’}‘é”ﬂux"}'—! {A e L &,,l::}}—
LN T =
;-‘: ¥ g ,;AHIE” a.:'-.-'}
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;where ve D, ® D, @D,

(2 {8y (T o f T - - - (e} i
SYEaI i xlw l—l—;z.'“_'!.‘z:,E.d”xﬁz":"&“'._:,‘:'—

w4 @

ZH_'!.‘Z:,EE”IEE::&”I:L‘}
ywherev e Dy, @D, ® D,

"}‘z"xz”x'" |_:| }1‘5‘:_‘5”1-& a=|11 —_

E¥I ::IE‘:!:II&;] IEi‘::l-.--':'

al s t‘\-'I [ ]

; where veD,, ®D, ®D,
[ ]
2y e ()
T P i I e}
_;[‘4 s g Bl ::xa{:'a::'-:'}}_ G ek :,E.c:”xa“a” j]

ywhere v e D,, @D, @D,
° Z.',.\'La.'.?_ﬁxmlx{r ) _Ei(z!ﬂ"z!

) j_zznxﬂ;fjﬂn[r]‘] ;
where v € Dy @ Dy @ D

B i O iy Y 5 | 4 7.,
® I VI xE xly) l—}——l(z.,
where v € D,z @ Dy @ Dy

4] ] k4] 16 .
L Jpsty 1“»,..?_::;2..1 x(v) H—?(’ 2VIg lzmlxﬂ..l Bgqy (v l] ;

] L .
2VEZaZE 5y 2055 824 (1) ] ;

where v € Dy @ Dy @ D
S e O | [ ¥

® I VI xE  xiy) — —EZ!:}fZHzZ:lxﬁ'é?E'gl[rj ;
where v € Dy @ Dy @ D

B - R .y I | 5 [Fir .
oz VI xExlv) ——(Z ‘}rzglzzuxﬂgzﬂ.‘;j_'[r,l;] ;

where v € D5 3 Dy @ Dg

e )
® Z5VZyVZi x(¥) =0 ; where v e D, ®Ds® D,

)
® I3V IzgVZz x(v) — 0 ; where rED,®RD, ®D,

- - 5~| 1 ol X
® fg2¥ign 1’""']_ I['L _E(-ﬂ"l""r-ﬂrqlz.&nlxa.l ['l;'__l"] ,

where veDy; @Dy @ Dy
® Za3¥Zas ’LLE\IIEL ) '—?—ﬁ(z 2VZgq z.»,-,_:cﬂ.. [1, |] :

where v e Dy, @ D, @ Iy
OZ-,:}rZ!:}rzé?x{r] — —%(Z!:x z/,-,_xﬂ.. v l] ;

where vEDy; @Dy @Dy
OELL _:va..ixl[rl — 0 : where

vED,, @D, ® D,
v € Dy @ Ds & Dy

: I e 1 (7 L .
’Zz 'Zéi'-"':‘:e' '_’_'(zz"‘-’znzz:ixaéf52:':‘”] v

1 (3 )
__D(ZqﬂLrZ!lzZ:lxafl- ﬂ!:{r) ] -

I
2
1
E(z! 1.- LZLHLIEHI ﬂ':lj_l:lr |:|

; where ve Dy, @D, & Dy

e (B¢ _T - (2) A
I3y ¥Z3¥ Iy, x(v) = sn( Z33¥Z31 223y %0;; '5'21.':13}
i ﬁl 13 ( ,]

10 L!:".- ianiI T3 [H

;where v € Dy, R Dy & Dy
o 2D yZayZi A(v) -L:. (Z!:}rzﬂzznxﬂéfﬂ!1{1:] ) ;

where v € Dy; & D5 & Dy
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( 1 (5)
A ) H—(Z!:L 12Z5,x0,] E‘.,l[rl] -

L (3!:1. lzéulxﬂlﬁx'ﬂ.,:[rj‘]

; where v e D, @Dy & D,
() o (8, e s

® 2.3 VEg Vs x(v) — 0 ; where ve D, ®D,® D,

] 4-,-1&.',..\'1.&.';1:':::[1:] — —%(Z!:}rznzznxﬂéi:'E!:[rj] ;

where v € Do @ D: @ Dy

1 (2 ) )
r""j.x':l ) = —E(z 2VZ31 223, % 85, 03, (V) ) ,

- 1 (2] )
VZgy x(v) H_E( Zgr¥< .,j_zznxﬁ':;,_'ﬂgl[r,']—

2. o o o aldlg s
Lséq"Lé!LZA-:anzl ﬁ'!:l:L _,|

;where v € Dy, & D3 (8 Dy

=02} {7 - 1 {43 L
Za VZg x(v) H_E( ZagVZgy2Z5,%8,7 85, (1) ) —

|+ o

il il e ':E‘j Y
a2 (4!:}'42124:1_123:1 B3z (v ,"]

ywhere v € Dy @D, & Dp
- =12} 8y - 1. -
® T VI VI xl(vr) |—>—_—1(4!:U¢!1

VZayZZayx ﬂéi:'ﬂ!:[r]‘] ;
where v e D, @D, @D,

- 7.::' il 3
® Zo VI VI a(v) — 0 where v e D, ®D, @ Dy
CIJPIINE O : .
® Z33yZay2Z5; x(v) v S (Z33yZay2Z0yx8, () ; where
v €Dy ®Ds @ D,
° ZE:}rZ!,_zZéijx{rj H%(z!:}fznzzﬂxﬂéij[r]] ; where
veE D@D, B0,
e e 7|:4j Bt i " " 3 ':!j - .
® Z3g¥ZgyzZgy x (V) 5| ZaghZag 5209x8;, (v)| ; where
v ED,, @D, cg:- D,
° M-Lfmj_z.»,.;l'x{L | Hﬁ(z 2VE z/,..,_xﬂ.. (v |] ;. Where
vED,®D, @D,
o B o 14 (3] .
® I,vIgzI i x(v) l—>_—i(z,!:} 1ZZ5x0 0 (v l] ; Where
VED,, @D, @D,
° ZE:}rZ!,_zZé?x{rj I—:vl__'(z!:}’ Za zbnlxﬂ'E\'[L l] ; Where
vED,,®D, @D,
°
=02} - -
Z,0 VI, z.»,,; 'x[r | b= = [é! 212Z59%852 85, (1)) +
1, .
El:z,!:}z!,_z.»,:,_xﬁ'gl{t,l:l
ywhere v € Dy (S D, & Dy
°
L2 ) S \
2oy VEg12Z5, w(V) = = (2370 Z0,8Z54x8, 85, (1)) +
1 GO O VA
;(éz:}'énzénxan B3q(v ,"]
; where v e Dy, @D, Dy
o zyZyzZ P x(v) '_’-,LD(ZE:} 317220%85; 8a(v '] ,
where ve Dy, ®&D, & D,
°
(2) L e o om oaldla )
Z3 VI z.»,. 'x[r V= _E( 2:}"’*213&:15‘5';1 Ba2(v) | —
. oy
1—(/,-,-1“»,-,1_2‘»,-,_::;3-,-3.1 [1:,1?]
ywhere v €Dy, @D 3 Dp

62

- _—
® I3 VEg 2T,y x(V) H—(Z!:}rzg zZq,x8,, 82, (v)] ; where
v €Dy @Dy @ Dy
°

(2) (Do
2.3 VZg2Zy x(v) l—}—(Z!LrZ!,_zZ: 1855 8y, (V) ) —

ywhere ve Dy, & Dy ®Dg

i e 1
® I ¥IgzZyix(v) '_’_,_( Z32¥ i3

where v e Dy . 0 Dy & Dy

o(Z VT vIgyx(v))— 0 ;wherev e D;® Dy @ Dy
Again we can show that s;which defined above satisfies the
condition (3.3), and here we chose one of them as an example
oG, ., + mby (2 yz¥xz)  ; where veD,;, ® D0, @ D.
= ’q: ngz,:xﬁ‘::\ :..,}} +o fZ ;‘,\xzuxﬁ‘uﬁn i ..,}} +

o {z* A N v}}+ o |,{z~ A I N ,l'::}}+

=3 [5” x.ﬁ xﬁ‘,] u}} o {215.4,z }4” x'\.,}}

o [ﬁ;;}'ﬁ;;xﬁ‘u 3'}

225,208 8, (1) ] ;

f2,=}~z§§?x&=::?a,, () +E Zg¥igy "3:5:': w) +

~Ia '.4g’,:xﬁz:::E,,&z:::l:::}+i£,,y Pled 858, ()

12 ,}'.4 xEl" E., ,]l+ E}A,,Jﬁu w:l+ }'Zgi:xﬁ‘z::':ﬁz,':v}+

L S ”

.z}.a!,xﬁ ﬁ.,x..,}+ .a.,j,.a”xﬁ‘ b8, ()

= 2Ty Za s8] (0 + 12 yZ a8 8,, (0) + 22 y2 Px8 8, (v
and
i 1 - - P
I-_EA;A: +ux EA;‘::I (;A azla g 5a ::I&E‘,"'-. ..,:'}
o (—-z,,xz,,xﬁ‘: :ﬁ::l'"]l}+§2=,}'2:=:xﬁ:‘:ﬁnl:::}+
- s

izr=}~£;:axﬁ‘;;a&=,|‘::}—g,|I Z ¥y E;,‘:.,}} EFoR g

:—4.,_3;1.,;3”*L..,}+ 4.;_1,‘4“*::3 18w +2 .a.,j,.a”xﬁ 8.0
So from all we have done above we the complex
2, ER CR
0D— A, 4, 4, Ap (3.4)
Where &; defined as followes:
0 3;(Z5,x(v)) = 8, (v) swith v ED;@D®D,
0 3;(Z5,1(v)) = 8, (V) s with v E DRD,@D,
[ ]

by (mﬂz.‘.;xh |] —% Ty %07 Ba2 (V) + Zq9x05, (V) —

ZgqV E'..i (v withy € Dg@ D20,

1 - (s
S Zagy Bz 0y (1) + 3:15'553"::'(1:,' -

D,®D,@D,

8 (Z32yZ302(v)) =

(e o
2Vl (v); withv e

]

and the map 8; defined as :
VZg 285 (V)

; withv € Dg®D;®D,

Proposition (3.4).
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a A, ]
The complex 0—d;— A4, —S4, — 54, — Kiseg
is exact
Proof: see [1] and [2].0
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