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On Calculus of Manifolds with Special Emphasis of
3D Minkowski Space M**
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Abstract— In this paper, we explain some topics of calculus of
manifold, especially for the spacetime symmetry topic. With
emphasis of 3D Minkowski differential geometry. The most
important symmetries are gy = gy, A diffeomorphism of this
symmetry is called the isometry. If a one-parameter group of
isometries is generated by a vector fieldV, then "this vector field
is called a Killing vector field. Which shows that the Lei
derivative is vanishing™ [14]. Moreover the one parameter
group of diffeomorphism called the flow. However the Poincare’
group "is the group of isometries of Minkowski spacetime. Also
"it is a full symmetry of special relativity includes the
translations , rotation and boosts™ [11].
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I. INTRODUCTION

Manifolds are topological spaces that locally have the
structure of a coordinate space R". They are found in almost
all parts of modern mathematics. The aim of this publication
is studying the calculus of manifold with emphasis of M?*.
And will take into account to cover the isometry ,which is a
distance-preserving map between metric spaces. Also the
topic of symmetry in spacetime will be provided.

In section 2 we will start with the pull back and push forward
functions. And section 3 will take the isometry definition.
Section 4 will talk about the Lie Algebra and Lie brackets.
After that section 5 will study the functions of flows and
integral curves. And section 6 will discuss Poincare' groups.
And finally sections 7 and 8 will be finished with the Lie
derivative and Killing vector fields with the relationship
between them.

Il. PuLL BACK AND PUSH FORWARD

Definition Let p: & — M be a smooth map between two
manifolds. May

not have the same dimension. And let f be a smooth function
on M. Its pull-back under the map f is the

function p*f = (f= p).

Definition Let N and M be two manifolds, and let : i — M ,
P+ @ the push-forward of a vector v € T, N is a vector
far € TyM defined by:
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fvlg) =v(g=f)

for all smooth functions g: M — &, therefore we can write

fovlg) =v(f g).

The pushforward has the linearity property:
flvy + 1) = ooy +fan
fuldr) = Afe.

And if M{,M,,M; are three manifolds with maps
fiM, =My, [ M; — Mg, it follows that:
(gef) =481

gefle=g.fr vveE TM;.

i.e.

Ill. THE ISOMETRY

The isometry is a function that preserves a metric, either in
metric space or in the topic of Riemannian maniod. In
manifolds the isometry f between two maniods (say
Reimannian manifolds) is a morphism function.

The most important symmetries of the metric, for which
Bmﬁ'_m: = Hur
A diffeomorephism of this type is called an isometry.

Definition A diffeomorphisom @:{M.g) = (N.h) is an
isometry if @k = g.

Last definition means that, for any diffeomorphism @ and for
evey point x,d,.@. is linear isometry between T,M and Tz N.

The isometry group of (M. g7 "is the set of diffeomorphism of
M that are g- isometric" [16]. The Lorentz group is the group
of isometry of M which fix the origin.

A local diffeomorphism @ with@*k = g is a local isometry.

Another definition for the isometry that, if f:a — M, is a
diffeomorephism
from maniod to itself, with the property that, ¥ » € & and all
VW e M

' g(DfV.DW) = g(v.w),
then f is said to be an isometry of (M. g .

In terms of local coordinates, then

nerfe af -
9aslf @) 3= Vigz WH = gealp)V W,

and since this holds for all ., then the condition for an
isometry in local coordinates is
Wafeafe )
Q.:i;-(f@,']ﬁ 352 = Jeal®).
A generic Riemannian manifold has no isometries other than
the identity
map.
The availability of the isometry is equivalent to the
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availability of the symmetry.
The availability of the isometry is equivalent to the
availability of the symmetry.
Example: In 3D Minkowski
(M, g) = (M**, g;;),where g;; is the 3D
Minkowski metric given by:

‘L0 0n

gij = (D 1 0 ]

W00
There are many parameter of isometry groups- the Poincare'
group for example; see section 6.

Space,

IV. LIE BRACKETS AND LEI ALGEBRA

A. Lie Brackets

Lie Brackets plays an important role in differential geometry
and differential topology. Also "it is a fundamental in the
geometric theory for nonlinear control system™ [4].

In mathematical field of differential geometry. The Lie
bracket of vectors or the commutator is a bilinear differential
operator which assigns, to any two vector fields « and - on a
smooth manifold A, a third vector field denoted [u. v].

Let a smooth function f,(f7 is smooth function on . And
let two vector fields u, . Then u(w(f]) is also a smooth
function , linear in f.

Now, consider

u(v(Fg)) = u(fr(a) + ()

= u(P)v(g) + fule(@) + ulz(D)g +o(Puls).

Now, reorder the terms to get:

uv(fg) = fuv(g) + wv(fig +u(flvig) + v(flulg)

So, Leibniz rule is not satisfied by wu, we get

vu(fg) = fru(g) + vu(fg + v(Pug) +u(Pv(g)

So, if we subtracting uv and vu, we have
(wy —vu)(fg) = flur —vu){g) + (ur — vu) (g,

This combination means:

[wv] = ur—vu

is also a vector field on M. Also this combinations is so-called
the commutator or Lie bracket of the vector field « and 1.

Properties of the Lie brackets:

1. The Lie brackets is antisymmetric, [u. v] = —[v,u]
2. Also satisfies the Jacobi identity

[fw. 0] w] + [[v.wl.u] + [w.ul. v] = 0.

The Lie bracket is useful for computation of Lie derivative
and Killing vector field.

The Lie bracket is useful for computation of Lie derivative
and Killing vector field.

Example: A simple example will be introducing here, is the
polar coordinate system of ®Z. The unit vectors are
By = ByC05 f + gy sind
Bg = —Ey COS 0+ 6, 5ind,

with g, = % and ey = % being the Cartesian coordinate basis
vector, and

I . r . e |
cnsﬁ':;, sin g :%.

r=a 1+

We know [, .e;] = 0, and we want to compute [e, .eg] =0
and that by take e,ea(f(x. v)) and eae.(f{x ¥]) it is easy to
see that e, ea(f(x. 7)) # ege (flx 1)) .

And that confirms that, in this case[e, .eg] = 0.
Therefore {e,.e5} do not form a coordinate basis.

B. Lie Algebra

A Lie Algebra L, is a vector space over some field together
with a bilinear multiplication of L x L — L, is a Lie bracket on
L, which satisfies two simple properties:
1- Antisymmetric [x,v] = —[y. 1]
2- Jacobi identity

[(x.¥1.2] + [[v. 21. 2] + [[=. x].¥] = 0.

The Jacobi identity is not really identity - it does not hold for
an arbitrary algebra - But it must be satisfied by an algebra for
it to be called a Lie algebra.

Example A simple example is the vector space A%t
equipped with the cross-product
[H) .l"'ul’ll- = [L'!l"l-: - 1-‘:1"!-‘2_. 1-‘11"!-! - 1-'! 1"!-1__. 1-‘1_1"!-: - 1-': 1"!-‘1_?'.

INTEGRAL CURVES AND LOCAL FLOWS

A. Integral curves

In this section, we start work into vector field deeply. The first
objects with vector fields are the integral curves, "which are
soomth curves whose tangent vector at each point is the value
of the vector field there™ [8].

Definition An integral curve of a vector field V is a curve ¥
in a manifold M such that its tangent vector at each point is V

Or If V is a smooth vector field on M, an integral curve of V
through the point p € Mis a smooth curve y:I — & such that
¥(0)=pand

Y'(t)=Vyy Vel ER

Example Here we illustrate a simple example in &?, that if
M =R? with coordinates (x,v.z) and the vector field given
by V=

3  nad
;+;L‘§_

The derivative of ¥ of the curve ¥ given by:

res _ Bxd | dyd | dEd
¥ (0 =5+ aeay T oee
So the equation for an integral curve of V is:
dx
— =1
at
ay
— =2t
t
dz 0
dr

This gives our curve
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¥itl=1t+ r:l,r: + g, Qg

Where a,. @, and a; are arbitrary constant.

VI. LOCAL FLOWS

“The collection of all integral curves of a given vector field on
a manifold determines a family of diffeomorphisms of (open
subsets of) the manifold, called a flow." [8].

For any neighbourhood U of @ in a manifold M, we have y;,
the integral curve through Q. So we can define a map
@:1x U= M givenby 0(t.¢) = ¥y(t) Where y,(r) satisfies
d . _ \
Er‘ (},Q[ﬂ‘] =v (xl (TQ[rj‘j ).

4 40

Yo =g

Definition The Local flow of v is defined by the map
B U —= M at each t given by ©.(2) = 0(t. @) = ¥t

Or the map @, for any t is taking any point by parameter
distance t along the curve y,(t).

The local flow has the following properties:

1. @, is the identity map of U/
2. Bpp=0.c 0, forall s.e.s+t eV
3. Each flow is a diffeomorphism with 67> = @_,.

The second property follows from the uniqueness from
integral curve.

The properties above with the local flow define the
One-parameter groups of diffeomorphisms.

Example A simple example will be provided here, just for
more explanation, That if @,(x)= x + t, than easy to check
the properties above holds.
Orpelxl =x+t+s=x+s+t=(x+s)+t
=0x+5) = Dr[lﬂ_g{xfljl
=0, = B.0x).

VII. POINCARE' GROUPS

" The Poincare' group, named after Henri Poincare’, is the
group of isometries of Minkowski spacetime."” [11].

Definition The Poincare' group is a semidirect product of
the translations and the Lorentz transformation :

R x4 0(1.3).
Or, the Poincare' group is a group extension of the Lorentz
group by a vector representation of it. Also is defined by the
group of extension of the Lorentz group by a vector
representation of it. Sometimes called the inhomogeneous
Lorentz Group.

However, the geometry of Minkowski space could be defined
by this group (Poincare' group). Also it is helpfull in calculus
of manifolds.
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Definition The Poincare' Algebra is the Lie algebra of the
poincare' group. In component from the poincare’ algebra is
given by the commutation relation :

o [R.E]=0

b ["'f_uw%] = Jupf — Grofu

b [‘,'ir.ru:“":ir E] = Q.u.:l‘,'fus - Q.u.f-“,'flrs - Qu.:l"'f.uf + QDE‘,{EL‘I
Where F is the generator of translation, A is the generator of
Lorentz transformation, which given for rotation by
My, = xdy — yBx
and for boost by
M, =tdx +x0t

and g is the Minkowski metric, (given above in section 3).

Example In A% for (x,y,t) then,

48
. [PIJ%-] —EE—I—E—IH—D.
. [J’-f}.r,%.] = (tdy — yot)dy — dy(tdy — yot) = R.

o [My:.B] = (tdy — yAr)dx— dx(tdy — ydt) = 0

e If B, and B, are boosts in direction of x and v
respectively. i.e. B, = tdx + xdt and By, = tdy + yit
then,

[Bx. By] = (¢8x + xBe)(tdy + y@t) — (cdy + yde) (£dx + xIt)

Which is the rotation of x and y.

In conclusion , we can conclude that the Poincare' group ,"is
full symmetry group of any relativistic field theory. As a
result, all elementary fall in representations of this group."”
[11] and it is the full symmetry of special relativity and
includes translations , rotations and boosts.

VIII.

Let - be a vector field on a smooth manifold & and if @,, is
the local flow generates by . For each ¢ € &, the map @, is
diffeomorephism of A and so it induces a push-forward and
pull backs,

(@.)f = (@ v(0°().

We define the Lie derivative of the function f with respect to

r by ;
O°F — #
( rft f] - EDH—

LIE DERIVATIVE

rf = i

=0

Now, since @; = f = @,. we have that
d . Lood . d .
07| _ @)= ZF(0@)lemo= 57 (30|

t=0
=vip)f ¥YpEM
where the tangent vector to y,, at p is ¥(p). We get
Lyf = vf.

However, if X.¥ be two vector fields on . We can define the
Lie derivatives of ¥ with respect to i by

Ly —tim(PV T 8y
o =lm (S —) = 0o

=0
where @, is generated by .

Properties of Lie derivative:
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1. Lie derivative is a Linear operator: i.e.
Lif+gi=L,f+L,g .L,(Af) =AvL,f.

2. Lie derivative satisfies the Lebnitz identity i.e.
L.(fg) =L,f.g+ fL,g

3. The Lie derivative is linearly depends on 1 :
viECT(MLr.wE X[J’{I,LJ,-,: =fL, Ly ,w=L,+L,.

Lemma [13] The Lie derivative of a vector ¥ with respect to
X is just the Lie brackets of x and ¥.
LY = [X.¥]
Proof: Let f be an arbitrary differentiable map, then
be (V1 — ¥
Ly(¥f) = lrln%—tpr[ ‘? f

_ i (BEY(8E) —Vf
=D E
The Lie derivative of functiqn and vector fields
gpf—f + ¥ -V
t t f
= Y{L}:ﬁ' + [in’rjlf_.

=l [@i)
But Lyf = Xf , thus

XV = LV f1= VX + (Ly¥V f,
Then
(Le¥Vif = XY -vixf=[xv¥If
And hence
LV = [X. V]

It is the specialization of the Lie derivative to the case of Lie
brackets of a vector field. Indeed, equals the Lie derivative.

-Special case: Lie derivative of the metric
Let g;; be the metric of ar®*, we find
Logij = Gap cV "t Ga Vb + gV e
Then
Lpfiay = 8acV “b+ gV “.a
If we rotate or boost then we always have
Ly Ggp = 0

The Lie derivative of the metric plays a key role in the theory
of Killing fields see [[14]:120]. Which are generators of
continuous isometries. A vector field is a Killing field, if the
Lie derivative of the metric with respect to this field vanishes.

IX. KILLING VECTOR FIELDS

Killing vector field or Killing vector ,"named after Wilhelm
Killing, is a vector field on a Riemannian manifold (or
pseudo-Riemannian manifold) that preserves the metric [17].

Definition The Killing vector field is a vector field which
generates an isometry. Or Killing field is that vector v whose
flow ¢ is one parameter group of isometry.

Properties of Killing field

Some important properties of Killing fields are stated below:
1. For any two vector fields, the linear combination between
them is also Killing vector. i.e at + bW is KVF ,and
(a.bl e R.

2. The Lie brackets of two Killing vector fields is also Killing
vector field.

3. For a given Killing field , and geodesic with velocity
vector u, the quantity ¥,u* is constant along the geodesic

[19]

Lemma [18] The vector ¥ is Killing field if and only if
Lg = 0.
Proof: Suppose ¥ is a Killing vector field and g(u.x) be the
one-parameter group of isometry. At each point x and each w.
From the isometry part in section 3 above, we have the
equation

8t (wx) A¢t(u x)
Qrd(g’{t"ﬂx}] EP:

B Faplx).

The right hand side is constant, so ‘i;'du of the left hand side
must vanish. ) )
And we need to notice that (;_.;‘] (:;:;‘] = % .

So let’s taking d fdu both sides we have:
ﬂatpr atpd avratpd Iﬁ'lfpf Iﬁ”i-"d
Bx A7 T gE T T IedgEaT =
Now, if we evaluate this at ¢ (0.x) = x, then the derivative

equal to
ri v ad

V
e ri pd rd ol
o=V aeﬂrd'}c'}b + 8:a axc'}i:l + Hcaba FPL

e ave ﬁ'if’d
=V 0efap + Jeb 7w + JadgF

= L.g.5 AS shown in previous section of Lie derivative
The backwards of this proof gives the converse.

Example In %" by inspection , d,.8, and 8, are Killing
vectors.

Also by inspection &, is a Killing vector. In Cartesian

coordinates
(=3 x.008; = —ydy + x8y.

And the other td, +x @, and t &y +y d,.

X. FUTURE WORK

The future work expected is using rotation and two boosts in
A%t in last example above and generate matrices of rotation
in A0%* which will be for future interest to rotate/boost an
arbitrary curve around special axis. This will be some surfaces
of rotations in Minkowski spaces.
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