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Complex of Lascoux in Partition (6,6,3)

Haytham Razooki Hassan, Mays Majid Mohammed

Abstract— In this paper, the complex of Lascoux in the case of
partition (6,6,3) has been studied by using diagrams, divided

power of the place polarization E‘,*l.j. ,Capelli identities and the

idea of mapping cone.

Index Terms— Divided power algebra, Resolution of Weyl
module, Place polarization, Mapping Cone

. INTRODUCTION

Let R be the commutative ring with 1, F be a free module and
D _F be the divided power of degree s. Another type of maps
are used in Buchshaum whose images define schur and Weyl
modules which send an elementa @ b of D, @ D,
toXa, & a'yb, where X a, & a'y is the component of
the diagonal of & in D?, & D, the generalization of this
map to ones , where there more factors were called in the 'box
map'.

The complex of characteristic zero is studied in [3],[4] and
[5] in the partition (2,2,2) ,(3,3,3) and (4,4,3), using this
modified and the letter place methods [3] , In this paper we
study the complex of Lasoux in the case of partition (6,6,3) as
a diagram by using the idea of the mapping Cone [6] , and the

map az.'f} which means the k" divided power of the place

polarization &, ; Where j must be less than | with it's Caplli

identities [1] , specificly in this work we used only the
following identities

(D A0k (k—a) (1) o)
632}621}_25:2!}621 aa: }531 ) ) (11)
(k) A0 (I—k) Alk—@) Al
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dyy 205 = 05 °dy and
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Oy 00y =35 00 (19

Where 3:-}- is the place polarization from place j to place i.

Il.  THE TERMS OF LASCOUX COMPLEX IN THE CASE OF
PARTITION (6,6,3)

The terms of the lascoux complex are obtained from the
determinantal expansion of the Jocobi-trudi matrix of the

partition. The positions of the terms of the complex are
determined by the length of the permutation to which they
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correspond [2],[3]. Now inthe 6,6,3), we have the following
matrix: 3=(case of the partition

DEu 'DE 'Dl
D, D, D,
DB D'.'-’ DE

Then the Lascoux complex has the correspondence

between it's terms as follows:
D.F @ D;F @ D,F « identity
D;F @ D,F ® D,F — (12)
D.F @ D,F ® D,F « (23)
D.F & D, F @ D F « (123)
D,F & D;F @ D,F «— (132)

So, the complex of Lascoux in the case of the partition

A = (6,6,3) has the form:-

D.F @ D.F @ D,F
DF @DFQDF —

D.F @ D;F @ D,F

& - & —DFRDNF@DLF

D.F @D,F@D,F  D,F ®D,F & D,F

I1l. THE COMPLEX OF LASCOUX AS A DIAGRAM
Consider the following diagram :

53

5
DgF @ DeF ® D,F ———— DoF ® DsF @ D,F D,F®DsF® Ds

bll M b: N ba
£y L
D?F®D?F®D1F_—> DsF@D;F@ DQF —1’ D6F® D6F® DaF

So, if we define
§,:D,F @ D,F @D, F — D,F @ D.F @ D,F
as, 5;(V) =8,,(V) where;VeDF@ D, F &D,F
b,:D;F @ D,F® D,F — D.F @ D.,F @ D,F
as, b,(V) =8,,(V)  whereV € D,F ® D,F @ D,F
by:DgF @ DsF @ D,F — DyF @ D;F @ D,F
as, b,(V) = 8.2 (V)  where V € D,F @ DoF @ D,F
Now , we have to define the following map which makes
the diagram M commutative:
t,:D.F ® D,F @ D,F — D,F @ D.F ® D,F
So we have:
tyob, =by o8,
Which implies that
tyody = 3;:{:' ° da;
Now we use Capelli identities from
ali\l oy =dy 0 ﬂ:lfj — Oy oy
= {Ii fyg °dyy — 5'21) =y
Thus , £, = = 8yy = 8y, — day
On the other hand, if we define
t,:D;F @ D,F @ D,F — D,F @ D,F @ D,F
t.(v) = 8, (v)  where; ve D,F ® D.F & D,F
and by: D, F & DoF @ D,F — D,F @ D,F @ D,F
by () = 8y, (1) where; v € D.F @ D.F @ D.F  as,
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Now we need to define 5; to make the diagram N
commute:
S,;:D,F@ D, F® D,F — D.F @ D.F® D, F
Suchthat byoS§,=byoS,  fe. By 05, = By o 017
Again by using Caplli identities we get
dyg ° ﬂz:fj = Bz:fj oy + 8y o dy

= dyy (%ﬂ::l. ° iy + a!l)

Then S, = 28;, ° 8;; + 8y
Now consider the following diagram :
DgF ® DgF @ DyF ——— DgF @ DyF @ DoF —=— D;F @ DgF @ DF

o |

D,F @ D;F @ D,F —— D4F @ D,F ® D,F ——=— D.F ® DiF @ DyF

Definez:D;F @& D F @ D,)F — D, F @D F @ D, F
By z(v) =85y where veD,F@ D,F@D,F.
Proposition 3.1:- The diagram H is commutative.
Proof :- To prove H is commutative , we need to prove
5,085, =z0h,

1
S;05, = (; fyy o by + ﬂujl oy,

= 331.- N azl:::j + 8 08y

= Iﬂ.!l::~I o ﬂ':j_ —ﬂ!: @ a!j_ +Iﬂ'!: o 3:1
= IE"EI':::I"ﬂ:i

=zody,.

m Proposition 3.2:- The diagram G is commutative
Proof :-

1
faofy = (;3:1 =y, +321.:I =y,

(2

=ty By + Ogp iy
= '3;::::I oy — 835 008 +dy; 08,
= ﬂ.,” o dyy
=zod,.
|

Finally by using the mapping Cone we can define the
maps 4. & and @z where:

D F @ D;F @ D,F
05:DF @ D;F @ D,F — D
D.F ® D.F @ D,F

D.F & D;F @ DyF D.F & D;F @ D,F
&gt & — &
D.,F ®D,F® D,F D,F ®D,F® D,F

and
D;F @ D F & Dy F

L &
D.F & D F & D F

— D,F @ D,F ® D,F

D.F @ DsF & D,F
D.F @ DsF ® D,F

16

0— D.F @ D;F @ D,F — s —
fas — D,F @ D,F @ DyF

D.F & D.F @ D,F
D.F & D,F @ D,F

by
oc,(x) = (5,(x).b,(x)); ¥xeD,F @D,F®D,F

D.F @ D.F ® D,F
* 03 (Geyx3)) = (530x,) — 2025 )by ) — ba )
wlx,x,) € D

D.F & D,F @ D,F

D.F @ DsF ® D,F

o0, (Grpxp)) = (ba(x ) + £,(x)); Viapxg) e @
D,F @ D,F @ D,F
Propsition 3.3:
DoF @ DF & Dy F
D-F @ DF @D, F
0
-
DeF @ DgF @ D,F —— @
—— o ———DgF @ DeF ® DoF

DF @ D;F @ D,F DF @ D;F @ DoF
is complex.
Proof:-
Since 85" and 8. are injective from it is definition (see
[1]), then we get a3 is injective.
Now

gy ° 03 = o (5, (x), by (x7)
= |:|': I:B!: {-r:l-' B‘:L{‘r:]:]

= (s: I[ﬂ‘!: {_r:]} - z{ﬂ:,_(.r:] } tj_'[ﬂn {_r:l]l - EJ:'['3!: {.r:]})

Now .
51 [3!: (x) } - 3(521(-’5]} = (; Oy 20 + a!l] 28y, (x) - ﬂg[;j = 8y (%)

(23 21
= {81y 08y + 8y 08 — 8y 8y )(x)

= (8 Bgl:-f:l + 808 — 05 - Bgl:-f:l — 833 = 83 )(x)
=0,

tl[ail('r]} - b:[ﬂ!:{,ﬂ} = G bog = 0y — a!l] @ gy, () — azlzfj @ 8y (x)

23 2

= (Bag o8y — 8y 08y —8ap 08y + 8y 08y )(x)
=10

So we get (o5 2 o3 ) (x) = 0.

and

{r.rl ° r.r::]{_rl,_r::] = L'-’1.{5:{-]’51.:] - z':_r::l,t,_{_r::] = balx,])
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=0 ((Ga 00z +8,) ) - 820 (o o0y, -
821 Cr) — 02 ()
= iy {%anﬂ!: + 321.] (xy) =8y 0 ﬂgl::ﬂ'ix::]

1 )
+ s (; Bag o 8y — 321] (xg) — 8y = 8y; (x4)

i

= {ﬂ:li 0 fyy + Bhy 0y —Byp 0 ﬂ:lf]}{-’-'i:]

+{3_|'::J ody — 8y 08y —dy e 5‘:Jl':ﬂ}":-‘f:j-
then

(o,

[ ()
o o) (xyy) = (8, o by, — gy o8y + 0y 08y — 8308, }xy)

+(3;; = B'gl:;?:l +0z;08;; — ;08 —0; ° Bgl::::l:l{-r::lzo-

(1]
(2
(31

(4]

(5]

6]
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