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On The Periodic Solutions of Certain Fifth Order
Nonlinear Vector Differential Equations

Melike Karta

Abstract— The purpose of this paper is to show that under
some sufficient conditions of equation (1.1) have no periodic
solution other than the trivial solution X = 0.

Index Terms— Nonlinear vector differential equation of fifth,
Lyapunov function, Periodic solutions.

I. INTRODUCTION

Periodic solutions of high order scalar and vector differential
equations have emerged in the applied sciences as some
practical mechanical problems, physics, chemistry, biology,
ecomomics, control theory. According to observations in the
literature, the problems related to the periodic behavior of
solutions of a higher order non-linear scalar and vector
differential equation have been investigated by many authors.
For some related contributors to the subject, we refer to the
papers of Li &Duan [1], Bereketoglu [2-3], Ezeilo
[4-6],Tejumola [8],Tiryaki [9] and Tunc[10] . In all of the
papers mentioned above, authors used Lyapunov’s second (or
direct) method [11].
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Produced by Li&Duan [5], we install two new results under
different conditions for periodic solution of the solution X=0
of the fifth order nonlinear vector differential equations of the

+E(X)+H(X) =0 (1.1)

inwhich ¥ € E™; ¥, ® and @ are n x n-symmetric
continuous matrix functions depending, in each case ,on the
arguments shown; E, H: B™ —R" are continuous n-vector
functions. It is supposed that £(0} = H{0) = 0.

Let J (X}, J W), J.(Z) and Jz (V) display the Jacobian
matrices corresponding to the functions

H{X), (W), (Z) and E(Y) respectively,
n ah;’\ . dw; )
Jo () = (EJ Je(W) = (EJ
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in which ( XXz Xn) o (YooY ¥a ),
(20,22 s Zn s (We Was e Wiy (Bys Bz s By ) :
(WY ¥, ), (Pp@p @) (680 008y) are the
components of X, ¥,Z, W.H, & & and E respectively.The
symbol {X. ¥} corresponding to any pair X,Y inf& " stands for
he usual scalar product £, x;¥;.

Through out this paper, we consider the following differential
systems which are equivalent to the equation (1.2) which was
attained as usual by setting ¥ = ¥. ¥ = 2.5 = w. ¥ = 7 from
(1.2):

F=v.¥=z2Z2=W.W=u

0 =-¥Wv- HDw- exv.w mz- ex)-#x (1.2)

Il. MAIN RESULTS

Our main result is the following two theorems.

Theorem 2.1. In addition to the basic conditions given above
for coefficients ¥ & &.E and H of (1.2) equation, we
suppose that following conditions hold as;

(i) HO) =0,HX) =0 if X =0,E(0) =0,E(¥) =0 if
V=0

¥ & @ symetric and A (J (X< 0, (= 12,...n),

(i) Al@x.v.Zw.))zoi(EwWhH <0 for all
XY.ZW UsE" (i =1.2,..,n),

Then equation (1.2) has no periodic solution other than X = 0

Proof. Let

(6,6, 85 640 65) = (&,(1), &, (1), (1), &, (1), &(1))
be an arbitrary a-periodic solution of (1.2), that is
(£:(0), 2,0 &5 (1), 2, (1) £ (1)

= (gl(t +a)&t+a)elt+a)et+a)e(t+ a))
(2.1)

for some o> 0.1t will be shown that, under the conditions in
Theorem (2.1),

g=6=6=¢6,=& =0.

As basic tool the proof of Theorem (2.1), we will use

Lyapunov function¥, = ¥ (X, V.2, W, U7} given as
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Vy=~{Z,U)-< Zj(‘l’(dN),W)daH;(w,W>—j<q>(02)z,z>do
- [(E(@)Y)do - (H(X)Y) 22)

0

O(t) =V (&, (1), &, (1), &5 (1), £, (1), &5 (1))

Since A(t) s continuous and &, &,, &, &,, & are peri

odic

int, &(t) is clearly bounded. An elementary differentiation

will show that
v, =<Z,\P(\N)U>+<Z,cI>(Z)W>+<Z,®(X,Y,Z,W,U)Z>

+<Z,E(Y)>—<:tZ,J1'<‘P(oW),W>do>

d; d

_a£<o®(52)z,z>da—aJ'(E(d{),Y)da—(JH (X)Y,Y)

(2.3)

0

Now ,recall that

%<z,i<‘{’(ow),w>do—> +<z,i<ty(ow),u>da>

+<Z,j<o-\]\y(oW)U,W>da>

0

1

<w,i (oW ),W da> < [ (¥(oW),U)do

0

(o)

+<Z,laai<T(oW),U>da>

1

)

:<vv,i P (oW),W d0> < J(®ow).u) dc7>

0

+0(Z, 9 (aW)U)[

<W,j‘ (¥(oW),W) da> (Z,YW)U),

%j(o@(aZ)Z,Z)da:j‘<o<D(aZ)W,Z>da

0

(2.4)

+j<oq>(2)z,w>da +j0'2<Jq,(Z)ZW, Z)do

94

(o®(aZ)W,Z) do+ja— oD(oZ)W,Z)do
oo

O'—.H

—o <®(02)w,z>E:<®(Z)w,z>

(2.5)
And similary we have
%I(E(aY),Y)da:ja(JE(GY)Z,Y>d0+j<E(aY),Z>da
1 a 1
=lcr%(E(o*{),z)dm!(E(oY),z>da
:0<E(0Y),Z>|Z:<E(Y),Z> (2.6)

Substituting (2.4), (2.5) and (2.6) into (2.3), and taking into
count the conditions of the Theorem (2.1), we obtain

V, =%vl(x,Y,Z,W,U)=—<W,j<lp(oW),w>da>

+(Z,0(X,Y,Z,W,U)Z)~ (3, (X)Y,Y)

(2.7)
Hence O(t) >0 ;so that () is monotone in t, and
therefore, being bounded, tends to a limit, &

say, as t — =.That is lim 6(t) = 6, .it is readily showed
t—+o00

that
o(t) =6, forallt. (2.8)
From by (2.1),

at) = 0 (t+me) (2.9)
for any arbitrary fixed t an for arbitrary integer m, and then

letting m — =2 in the right-hand side of (2.9) leads to (2.8).
the result (2.7) itself implies that

O(t) =0 forall t.

Furthermore &(t) = 0 necessarily implies that £,=0 for all
£.Thus, if e;=s3=8,=55=0 are written in (1.2) system, we can
clearly see that it is H( )= H{(X,) =0, because of
H(0)=0and H(X) =0 for ¥ =0 under conditions of
Theorem (2.1) and &, =X, .So that &, =X, =0. It is
£, = £;,=8;=£,=£:=0 for all £.Since (zy.25.25.54.25) is a

solution of (1.2), it is evident that
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(1), &, (1), & (1), £, (1), & (1)) =

(81(t +a)&,t+a)slt+a)e,t+a)s(t+ a))

This completes the proof of Theorem (2.1).

Theorem 2.2. In addition to the basic conditions given above
for coefficients ¥ € &.,E and H of (1.2) equation, we
suppose that following conditions hold as; (i) H(0) =0, H(X)
#0 if X=0 and E(0)=0, E(Y)#0 if Y#20ast— =
Y, ® ve ® symmetric and A ( J, (X))>0,
(i=1,2,...,n.),
(i) % (O (X,Y,ZW,U)) <0, 4 (V¥ (W)) >0 forall
X V.2, W, UeR"
A(®2)) > k, k>-1, (i=1,2,...,n).

Then equation (1.2) has no periodic solution other than X = 0

Proof. Let

(60062080, 6008) = (&), & (1), & (1), £,(1), & (1))
be an arbitrary a-periodic solution of (1.2), that is
(,(0), £, (1), &5 (1), £, (1), &5 (1)) =
(81(t +a)&,t+a)slt+a)e,t+a)e(t+ a))
for some « > 0.1t will be shown that, under the conditions in
Theorem (2.2),

& =6=6=¢,=¢& =0.

As basic tool the proof of Theorem (2.1), we will use

Lyapunov function ¥; = W (X, ¥, Z, W, given as

V, =(2.0} <2, (¥loW)W)io) - LW W) +

<CI)(GZ)Z,Z>dG+j.<E(o¥),Y>d0'+<H (X),Y)(2.10)

O ey

Consider the function

o(t) =V, (&,(1), &, (1), &5 (1), &, (1), &5 (1)).
Since @(t) iscontinuousand &,,¢,,&;,&,, & are periodic

int, A(t) is clearly bounded. An elementary differentiation
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will show that
Vs =—~(Z,YW)U)—(Z,®(Z)W)-(Z,0(X,Y,Z,W,U)Z)

—(Z,E(Y)) < j (¥(oW),W d0'>

3[(@(02)2 z>do+dif<E(o¥)Y>da+<J (X)Y,Y)

(2.11)
Substituting (2.4) ,(2.5) and (2.6) into (2.11) and taking into

account the conditions of the Theorem (2.2), we obtain

<W,.l[ ¥(oW),W d0'>—<Z O(X,Y,Z,W,U)Z)

+(J4 (X)Y,Y)>0
(2.12)
Hence O(t) >0 ;so that @(t) is monotone in t, and
therefore, being bounded, tends to a limit, &

say, as t — . Thatis lim @(t) = 6, .it is readily showed

t—>+o0
that (t) =6, forall t. (2.13)
From by (2.1),
at) = 0 (t+ma) (2.14)

for any arbitrary fixed t an for arbitrary integer m, and then
letting m — o2 in the right-hand side of (2.14) leads to (2.13).
the result (2.12) itself implies that

O(t) =0 forall t.

Furthermore &(t) = 0 necessarily implies that £,=0 for all
t.Thus, if ;=e3=£,=55=0 are written in (1.2) system, we can
clearly see that it is H(z,)=Hn) =0, because of
H(0)=0and H(X) =0 for ¥ =0 under conditions of
Theorem (2.2) and & = 7 .So that & =5 =0 It is
£, = £;,=8;=£,=£:=0 for all £.Since (zy.25,25.54.25) is a
solution of (1.2), it is evident that

(£,08), 5508), 25 (), £, (8), &5 (£) ) =
(. v®.z0.wk,U@®) = (0,0,0,0,0)

This completes the proof of Theorem (2.2).
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